© 

iH 

<Sl 

© 

fc* 


r,A 


c  . 


ETD-MT-24-259-59 


FOREIGN  TECHNOLOGY  DIVISION 


PROBLEMS  IN  NONLINEAR  OPTICS 
(SELECTED'  CHAPTERS ) 

by 

S.  A'.  Akhmanov  and -FI.  V.  Khokhlov 


/ 


DISCLAIMER  NOTICE 


THIS  DOCUMENT  IS  BEST  QUALITY 
PRACTICABLE.  THE  COPY  FURNISHED 
TO  DTIC  CONTAINED  A  SIGNIFICANT 
NUMBER  OF  PAGES  WHICH  DO  NOT 
REPRODUCE  LEGIBLY. 

I  *  * 


FTD-MT-  a>.-259-69. 


PROBLEMS  IN  NONLINEAR  OPTICS  (SELECTED  CHAPTERS) 

By:  S.  A.  Akhmanov1  and  R.  V.  Khokhlov 
English  pages:  170 

SOURCE:  Problemy  Neiineynoy  Opfciki,  1964,  pp. 

79-144,  197-254.,  283-295. 

This  document,.  Is  a  Mark  II  ^machine  aided  translation, 
post-edited  for  technical  accuracy-  by:  Robert  D.  Hill. 


THIS  TRANSLATION  IS  A  RENDITION  OF  THE  ORIGI.. 

NAL  FOREIGN  TEXT  WITHOUT  ANY  ANALYTICAL  OR, 

EDITORIAL  COMMENT.  STATEMENTS  OR  THEORIES^  .  PREPARED  BY: 

ADVOCATED  OR  IMPLIED  ARE  THOSE  OF  THE  SOURCE 

AND  DO  NOT  NECESSARILY  REFLECT  THE  POSITION  fftANSLATtON  ^VISION 

OR  OPINION  OF  THE  FOREIGN,  TECHNOLOGY  Dl-  FOREIGN  TECHNCLOGY'DIVISION 

VISION.  W»:AFB,  OHIO.. 


.  ,2 ij,. 259-69 


*  M' 


TABLE  0?  CONTENTS 

U.  S.  Board  on  Geographic  Names  Transliteration  System .  iv 

Designations  of  the  Trigonometric  Functions .  v 

Chapter  II.  Bases  of  the  Theory  of  Waves  in  a  Nonlinear 

Dispersive  Medium.' . . .  1 

§  1.  Introduction . .  1 

§  2.  W aves  in  a  Linea"1  Anisotropic  Dispersive  Medium .  4 

2.1.  Zero  Approximation  (p  =  0).  Natural  Waves  of  an 

Anisotropic  Nonabsorbing  Medium .  4 

2.2.  First  Approximation  (p  J-  0);  Truncated  Equation 

for  the  Absorbing  Medium .  6 

§  3*  Interaction  of  Waves  in  a  Nonlinear  Anisotropic 

Media . 11 

3.1.  Quadratic  Medium.  Truncated  Equations .  11 

3.2.  Energy  Relationships  with  Three-Frequency 

Interactions  in  a  Quadratic  Medium.  Discussion..  16 

’.3*  On  the  Interaction  of  Waves  in  a  Cubic  Medium....  17 

§  ^ .  General  Characteristic  of  Interactions  of  Waves 
in  Nonlinear  Dispersive  Media.  Boundary  Value 
Problems.  Secondary  Simplifications  of 
Truncated  Equations .  Side  Forces  in  a  Nonlinear 
Medium . 20 

4.1.  Boundary  Value  Problems;  Classification  of 

Nonlinear  Interactions .  20 


FTD-MT- 24-259-69 


i 


4.2.  Side  Forces  in  a  Nonlinear  Medium.  Truncated 
Equations  of  a  Nonuniform  Problem  of 

Electrodynamics  of  a  Nonlinear  Medium .  31 

4.3.  Media  with  Variables  Parameters .  36 

§  5*  Surface  Nonlinear  Interactions.  Reflection  of  a 
Plane  Electromagnetic  Wave  from  the  Border  of  the 
Nonlinear  Medium .  44 

5.1.  Formulation  of  the  Problem .  44 

5.2.  Zero  Approximation.  Reflection  from  tho  Border 

of  the  Linear  Isotropic  Medium .  47 

5.3*  First  Approximation.  The  Appearance  of 

Harmonics  in  the  Field  of  Reflected  Wave .  49 

§  6.  Space-Time  Analogy  in  the  Theory  of  Nonlinear 

Systems .  56 

§  7*  Generalized  Truncated  Equations  and  Laws  of  Con¬ 
servations  for  the  Nonlinear  Medium  with  Temporal 
;  and  Spatial  Dispersion . 60 

Chapter  IV.  Parametric  Effects  in  Optics^' . .  84 

§  1.  Introduction . 84 

§  2.  Nonresonant  Parametric  Amplification  of  Traveling 

Waves  in  a  Quadratic  Medium .  85 

2.1.  Parametric  Amplification  with  High-Frequency 

Pumping .  86 

2.2.  Parametric  Conversion  of  Frequency .  92 

2.3.  On  Parametric  Amplification  with  Low-Frequency 

Pumping . . . 94 

§  3.  Effects  of  Saturation  with  Parametric  Amplification 
of  Traveling  Waves  in  a  Quadratic  Medium.  A 
Tunable  Parametric  Light  Generator .  96 

3.1.  Conditions  of  Saturation  of  an  Amplifier  with 

High-Frequency  Pumping . 96 

3.2.  Parametric  Light  Generator .  101 

5  4.  Nonresonant  Parametric  Amplification  in  a  Cubic 

Medium . 1H 

4.1.  Parametric  Amplification  in  a  Cubic  Medium  in  the 

Presence  cf  a  Static  Field .  Ill 

4.2.  Parametric  Amplification  with  Four-Frequency 

Interactions . 117 

FTD-MT-24-259-69  H 


§  5.  Resonance  Parametric  Effects  -  Forced  Com- 

,  binational  Scattering .  118 

Chapter  V.  Modulated  Waves  in  Nonlinear  Dispersive  Media.....  133 

§  1.  Introduction .  133 

§  2.  Modulation  of  Light  in  Optically  Anisotropic 

Crystals .  135 

§  3*  Devices  with  Prolonged  Effect  of  the  Field  of 

Modulation  on  a  Light  Wave .  139 

§  4.  Modulation  of  Light  in  Optically  Isotropic  Crystals.  1*13 

§  5-  Conversion  of  the  Form  of  Modulation  with  Parametric 

Amplification  of  Traveling  Waves .  1*19 

Bibliography . 155 


FTD-MT-2*l-259-69  iii 


i 
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CHAPTER  II 

BASES  OF  THE  THEORY  OF  WAVES  IN  A  NONLINEAR 
DISPERSIVE  MEDIUM 

§  1 .  Introduction 

In  the  investigation  of  wave  processes  in  a  nonlinear  medium, 
the  initial  system  is  the  system  (I.  of  I)  in  which  the  bond  between 
vectors  D  and  E  (material  equations)  is  nonlinear.  A  general  solution 
of  the  thus  obtained  nonlinear  system  of  equations  is  impossible. 

At  the  same  time,  for  the  majority  of  practically  interesting 
cases,  it  is  possible  to  develop  an  effective  method  of  obtaining 
the  approximate  solutions  based  on  the  circumstance  that  linear  losses 
in  the  medium  and  nonlinear  part  of  the  vector  of  polarization  can 
usually  be  considered  small  [see  Introduction,  formulas  (I.l4)-(I.l6)]. 
We  will  subsequently  denote  small  values  by  the  dimensionless  parameter 
y(y  «  1).  Here  we  will  consider  the  linear  losses  by  the  magnitude 
of  the  first  order  of  smallness  with  respect  to  y,  so  that 

»(«)**  +  f{i/mK(«).  (2.1) 

Nonlinear  terms  in  the  decomposition  of  vector  of  polarization  P  with 

respect  to  E  will  ascribe  the  first  and  higher  order  of  smallness 

with  respect  to  y.  It  is  natural  to  consider  that  in  the  quadratic 

o 

medium  tensors  x  ^  M  and  9  ^  y  corresponding  to  the  dipole  radiation 
and  tensors  of  higher  ranks  have  an  order  of  yJ  etc.  The  lowest 
nonlinear  term  is  obviously  the  largest.  In  the  cubic  medium  the 
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tensor  0  is  the  lowest,  and  therefore  here  we  will  consider  9  'v  p. 
Equations  (1.1)  can  be  converted  to  one  second  order  equation, 
which  in  accordance  with  that  mentioned  above  about  the  order  of 
smallness  of  nonlinear  and  dissipative  terms  will  be  recorded  in 


the  form: 


(2.2) 


where  function  F  includes  components  of  linear  polarization  connected 
with  the  losses  and  terms  determined  by  the  nonlinear  polarization 
of  the  medium;  the  part  of  the  vector  of  linear  polarization 

a  (  n )  1 

determined  by  Re  x  is  designated  by  P' 


In  a  zero  approximation  (p  =  0)  equation  (2.2)  describes  the 
linear  nondissipative  medium.  Natural  waves  of  such  a  medium  are 
monochromatic  plane  waves  of  constant  amplitude;  direccions  of 
polarizations  and  wave  vectors  of  natural  waves  are  determined  by 
the  properties  (2.2).  For  small  p  it  is  natural  to  assume  that 
waves  in  a  nonlinear  dissipative  medium  differ  little  from  natural 
waves  of  a  linear  transparent  medium.  Therefore,  if  for  p  =  0 

EP.r^SAfc.e'tV-V)  (2  >3) 

and  AQn  -  constant  complex  numbers,  then  for  p  i-  0 

Efc  r)  =  IXOiiytV-t, '),  (2.  it) 

...  * 

where  complex  amplitudes  are  slowly  changing  functions  of  the 
radius  vector  r.  Thus,  the  dependence  field  strength  of  the  wave 
in  the  nonlinear  dissipative  medium  on  r  enters  in  two  ways: 


a)  through  the  exponential  in  (2.*!),  Here  coordinate  r  is 
the  "rapid"  spatial  scale  of  changes  of  the  field,  which  are 

2  jj 

connected  with  the  "rapid"  coordinate,  and  has  an  order  of  z6  =  —~\-,  . 

b)  through  the  complex  amplitude  A  .  Here  coordinate  r  is 

"slow,"  which  is  noted  by  factor  p.  The  spatial  scale  of  changes 
of  the  field,  characterized  by  the  "slow"  coordinate,  has  an  order 
of  •  relative  changoa  of  complex  amplitudes  in  a  weakly 


FTD-MT-2  *1-259-69 


2 


A  A 

nonlinear,  weakly  absorbing  medium  on  the  wavelength  are  small 

Although  the  method  of  designing  of  approximate  solutions  of  \  he 
type  ( 2 . ^ )  proves  to  be  basically  similar  to  the  corresponding 
method,  developed  in  the  theory  of  nonlinear  oscillations  of  systems 
with  concentrated  constants  (see,  for  example,  [533  and  [5*0),  it 
is  expedient  before  passing  to  nonlinear  problems  to  illustrate 
it  at  first  using  the  simplest  example  of  the  linear  dissipative 
medium.  It  is  necessary  to  stress  that  in  force  what  was  said  in 
the  introduction  and  in  Chapter  I,  the  greatest  interest  for  the 
examined  range  of  questions  is  in  problems  on  the  propagation  of 
nonlinear  waves  in  anisotropic  dispersive  media.  In  optics  only 
for  an  anisotropic  (uniform  or  nonuniform)  medium  is  the  obtaining 
of  considerable  ratios^1  1  possible.  Therefore,  in  this  chapter 

n 

the  following  order  of  consideration  of  problems  about  nonlinear 

waves  is  accepted.  At  first  certain  relationships  characterizing 

natural  waves  in  an  anisotropic  nonabsorbing  medium  (p  =  0)  are 

deduced.  Then,  in  the  example  of  linear  dissipative  anisotropic 

medium  a  generalization  of  the  method  of  slowly  changing  amplitudes 

on  distributed  systems  is  given;  here  and  subsequently  we  are 

limited,  as  a  rule,  by  the  first  approximation,  i.e.,  by  the 

constructing  of  solutions  satisfying  the  initial  equation  (2.2)  to 
2 

within  terms  'vp  .  Finally,  the  method  of  slowly  changing  amplitudes 
is  used  for  consideration  of  a  number  of  model  nonlinear  interactions 
in  the  quadratic  and  cubic  medium.  Here  one  should  stress,  however, 
that  although  the  thus  obtained  system  of  truncated  equations  of 
the  first  order  is  considerably  simpler  than  the  initial  equation, 
it,  for  majority  of  cases  does  not  allow  an  exact  analytic  solution. 
Therefore,  in  §  §  5-6  of  this  chapter  certain  possibilities  of  further 
simplification  of  the  problem,  already  in  the  stage  of  consideration 
of  truncated  equations,  are  examined. 


!See  also  Chapter  III,  §  2,  where  specific  dispersion  charac¬ 
teristics  of  a  number  of  crystals  utilized  in  nonlinear  optics 
are  examined. 
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§  2 .  Waves  In  a  Linear  Anisotropic 
Dispersive  Medium 


2.1.  Zero  Approximation  (y  =  0).  Natural  Waves 
of  an  Anisotropic  Nonabsorbing  Medium 


The  process  of  propagation  of  waves  in  an  anisotropic  linear 
dispersive  medium  is  described  by  the  wave  equation: 


^■  +  4rtJir“  +  c,[vtvE]]-o,. 


(2.5) 


The  vector  of  polarization  P'  is  connected  with  field  E  by  the 
linear  functional  relationship: 


Pw  -JxfO.E  (t~?)d?. 


(2.6) 


where  x  (/')'  in  the  examined  case  is  a  tensor  with  components  k 


mn 


Let  us  consider  subsequently  certain  necessary  relationships 
for  plane  harmonic  waves  of  constant  amplitude: 


E  «cV<*W0, 


(2.7) 

The  connection  between 
the  wave  vector  k  and  frequency  w  can  be  obtained  if  one  were  to 
substitute  (2.7)  into  (2.5).  It  has  the  form: 


where  AQ  -  constant  and  e  —  unit  vector. 


co*e  +  4jwo,x(co)e  + 
+  c*[k(ke]]  =0, 


(2.8) 


A  A 

where  *(<a)  spectral  form  x  (?)  (see  (1.8)).  Prom  a  consideration  of 
(2.8)  as  systems  of  equations  for  components  of  vector  e  there 
follows  the  condition  of  compat^ bility  of  the  system  -  equality  to 
zero  of  the  determinant  composed  of  the  coefficients  with  components 
of  vector  e.  This  relationship ,  being  one  of  the  fundamental  equations 
of  crystal  optics,  gives  at  the  assigned  direction  k  and  assigned 
tensor  £  two  values  of  the  modulus  of  the  wave  vector  |k;  k2 | .  We 
assume  that  they  are  not  equal  each  other.  Each  of  these  values 
of  k  corresponds  to  its  own  system  of  components  e,  i.e.,  the 


ij 


assigned  polarization  of  the  "natural"  wave.  Let  us  designate  the 
unit  vectors  in  the  direction  of  the  "natural  polarizations"  by 
e^  and  e2<  Vectors  [l^e^]  and  [k2e23,  which  have  directions  of 
intensities  of  magnetic  fields  2,  are  mutually  perpendicular, 
whereas  the  very  e^  and  e2,  which  determine  directions  2,  are 
not  perpendicular  to  one  another.  At  the  same  time,  eigenvectors 
of  electrical  Induction  Di,2=Ei,2+ 4jwEi.j  appear  mutually  perpendicular. 


The  direction  of  energy  flow  of  the  natural  wave  is  characterized 
by  the  vector  [EH]  or  the  beam  vector  collinear  with  it  s: 


fisi\  '  ‘ 

,  =  I *d, 

m 


(2.9) 


the  modulus  of  which  is  equal  to  the  value  opposite  to  the  group 
speed.  Eigenvectors  D,  E,  k  and  s  are  located  in  one  plane  perpen¬ 
dicular  to  H.  Their  locations  for  one  of  the  natural  waves  are 
shown  in  Fig.  2-1.  The  beam  vector  obeys  the  relationship  which  can 
be  obtained  by  multiplying  scalarly  (2.8)  by  e  and  differentiating 
the  obtained  equality  with  respect  to  k.  We  have: 

2co  e*  +  Sno)  e xe  +  »  2c*s  [e  (kejj .  (2.10) 

In  the  derivation  of  (2.10)  there  was  used  the  relationship: 

~ e [k [kej]  =  —  2 [e {kej] .  (2.10a) 


\f 


Fig.  2-1.  Directions  of 
vectors  in  an  anisotropic 
medium. 


7.2  First  Approximation  (u  i-  0);  Truncated  Equation 
for  the  Absorbing  Medium 

Let  us  assume  now  that  the  tensor  of  the  linear  medium  contains 
not  only  the  real  but  also  imaginary  part  so  that 

(2.11) 

€1 

We  will  consider  that  the  medium  is  excited  by  a  wave  of  the  form 
(2,7)  harmonic  in  time,  and  the  polarization  of  the  wave  excited  in 
the  medium  is  similar  to  one  of  the  natural  polarizations  of  the 
nondissipative  medium;  it  is  required  to  determined  the  law  of  the 
change  in  the  overall  amplitude  of  the  wave  in  space.  Although  the 
problem  at  hand  for  the  linear  medium  examined  at  this  point  can 
be  solved  accurately  (and  for  waves  of  a  more  complex  form  the 
solution  can  be  written  with  the  help  of  the  Fourier  integral),  we 
will  discuss  the  method  of  its  approximate  solution,  which  leads 
to  replacement  of  the  accurate  equation  (2.2)  by  an  approximate  first 
order  equation  for  a  slowly  changing  amplitude.  As  we  will  be 
convinced  subsequently,  the  advantage  of  such  an  approach  is,  first 
of  all,  the  possibility  of  its  generalization  of  the  nonlinear 
medium;  at  the  same  time  this  approach  proves  to  be  efficient  in 
the  solution  of  linear  problems  connected  with  the  propagation  of 
modulated  waves  (see,  for  example,  Chapter  V). 

Thus,  the  presence  in  equation  (2.2)  of  disturbances  Hi  leads 
to  distinctions  in  the  solution  of  the  perturbed  equation  from  the 
solution  corresponding  to  u  =  0  and  having  the  form  of  a  wave  of 

constant  amplitude  (2.7)  for  which  ^  =o.  With  this  the  solution  of 

dr 

the  perturbed  equation  for  M  =  0  should,  obviously,  turn  into  a 
solution  of  the  type  (2.7).  Having  all  of  this  in  mind  we  will 
look  for  the  general  solution  of  the  perturbed  equation  in  the  form 
of  decomposition  (see  also  [53]): 

E  (pr)e_fif  +  filler)  +  n*  U,  (r)  4-  fA*  U3(r)  H ]  e"“‘,  (2.12) 

where  U^,  U2«..  are  periodic  functions  of  r,  and  quantity  A  ,  in 
contrast  to  the  case  M  =  0.  is  no  longer  constant,  and  is  determined 
by  the  differential  equation 


=  P  Bx  (i4)  4-  y*  Bj  (/!)-( - 


(2,13) 


Now  the  problem  is  reduced  to  the  determination  of  functions  U-^, 

U2,  Bp  Bp  such  that  expression  (2.12),  after  substitution 

into  it  of  values  of  A,  determined  from  (2.13),  proved  to  he  the  solu¬ 
tion  of  the  initial  differential  equation  (2.2). 


The  general  procedure  of  finding  the  indicated  functions  is 
discussed  in  monograph  [53]  quoted  above;  one  should  note,  however, 
that  in  practice  due  to  the  rapid  growth  in  calculating  difficulties 
with  an  increase  in  she  number  of  terms  of  decompositions 
(2 . 12 )-(2 . 13) ,  it  is  necessary  to  be  limited  to  the  finding  of  only 
one  to  two  first  terms.  Therefore,  in  being  limited  to  m  terms 
in  decompositions  ("m-approximation"),  it  is  possible  to  state 
the  problem  of  detecting  of  the  approximate  solution,  i.e.,  such 
functions  .  .  ,  UR,  Bp  . . . ,  ,  which  would  allow  to  obtaining  a 

solution  satisfying  the  initial  equation  (2.2)  to  within  magnitudes 
of  the  order  of  ym+:i  .  Here  deviation  of  the  thus  obtained  approximate 

i  *i 

solution  from  the  e;.act  one  has  an  order  of  y  r,  and,  consequently, 

can  be  made  very  snail  even  at  quite  large  r,  if  y  is  small. 

Not  discussing  here  the  special  mathematical  questions  connected 

with  asymptotic  properties  of  the  construct  solutions  (for  more 

detail  on  this  see  monograph  [53]  and  the  mathematical  work  on 

the  theory  of  differential  equations  containing  a  small  parameter), 

we  will  pursue  the  analysis  of  th-.  first  approximation  in  the 

solution  of  (2.12),  i.e.,  look  for  the  solution  of  (2.2)  correct 
2 

to  terms  ^y  : 

E  =  [tA  (yr)  e~,kT+  y  U(r)]  eM ;  (2.14) 

■—  ■  (2.15) 

dr 


Substituting  (2.14)  and  (2.11)  into  (2.2),  we  have  for  separate 
components  of  the  equation  correct  to  terms  of  the  second  order 
with  respect  to  y: 


P  =*  e  r)c“nT+  yxK(©)  U  (r)}  eM; 


A* 


(2.16) 

(2.17) 
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[v  (vE]j  =  - 1  k  [kejj ]  Arftr+  fp.[k  [ye.4j]  e“,kr-f 
+  *n[y  [kcA}\ e“,!tr— nfy  [yU]]}  ew . 


(2.18) 


Using  (2.l6-(2.l8)  and  considering  that  quantity  [k[ke]]  can  be 
determined  from  (2.8)  (e  is  close  in  conditions  to  the  eigenvector), 
we  obtain: 

■■  c* fv  IvU]]  —  (0*  (l  +  4nx*(0))}U  = 

.  - 1  («*  [k(ve>l)]  +  c*  fy  [keA\]  -  We,4}  e“lkr.  (2.19) 


From  the  last  relationship  function  B(A)  and,  consequently,  the  form 
of  the  first  order  equation,  which  determine  the  complex  amplitude 
A  can  be  simply  determined.  Actually,  the  linear  differential 
operator,  which  acts  on  vector  U  in  the  left  side  of  (2.19),  has  the 
eigenvalue  -ik,  and  therefore  the  right  side  of  (2.19)  is  a  resonance 
force  for  it.  At  the  same  time,  all  functions  of  U  in  (2.12),  in 
virtue  of  their  determination  in  the  method  of  successive  approxima¬ 
tions,  should  be  limited  for  arbitrary  r.  For  this  it  is  necessary 
that  the  scalar  product  of  the  right  side  of  (2.19)  on  e  be  equal  to 
zero.  (Polarization  of  vector  U  is  perpendicular  to  e).1  After 
multiplication  by  e  we  obtain  the  ordinary  differential  first  order 
equation 

{*[ke]]  y4  +  eae/!r=v,  (2.20) 


where  tensor  a  =  ?25*L 

e* 


In  the  derivation  of  (2.20)  there  is  used  the  relation 

e[klv«l]  +  efv{fce|]  =-2[e|ke}]y.  (2.21) 

Equation  (2.20)  is  the  sought,  so-called  "shortened"  equation,  which 
describes  in  the  first  approximation  the  change  in  complex  amplitude 
A  in  space.  Let  us  note  that  in  the  first  approximation  it  is 
possible,  in  general,  to  be  limited  to  the  consideration  of  only 
the  truncated  equation  (2.20),  inasmuch  as  calculation  of  the  term 


‘This  requirement  is  analogous  to  the  requirement  usually  used 
in  the  nonlinear  theory  of  oscillations  of  systems  with  concentrated 
constants,  ’..e.,  the  requirement  of  the  absence  of  the  first  time 
harmonics  in  corresponding  scalar  functions  U^,  ...,  U 


k 
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pU  in  (2.1*!)  essentially  does  not  change  the  results.  Actually, 

2 

relations  (2. 1^4)— (2.15)  are  written  correct  to  terms  'vp  ;  here  the 

complex  amplitude  A,  obtained  from  the  thus  truncated  relations,  on 

2 

length  r  can  be  deflected  from  the  exact  value  by  quantity  ^p  r. 

On  the  other  hand,  as  was  noted  above,  amplitude  A  can  be  substantially 
changed  only  on  intervals  .  Consequently,  on  the  Interval 

errors  in  the  determination  of  complex  amplitudes  prove  to  be  of 
the  order  of  'vp.  Therefore,  if  we  are  interested,  in  the  first  place 
in  the  flow  of  transient  processes  in  a  nonlinear  medium,  it  is 
possible  not  to  consider  the  addend  in  (2.1*0  having  an  order  of  p. 


Let  us  turn  now  to  an  analysis  of  equation  (2.20). 
copy  it  in  the  form: 

[«  |kelj  yA=  —  eaeA. 


Let  us 


(2.22) 


First  of  all,  let  us  note  that  the  vector  [e[KeD  has  direction 
of  the  vector  of  the  energy  flow  and,  consequently,  beam  vector 
s,  and  its  modulus  is  equal  to 

!(*lke)]|  =  Acosks,  (2.23) 

A 

where  ks'  designates  the  angle  between  vectors  k  and  s.  In  order  to 
determine  the  law  of  the  change  in  A  in  space,  let  us  select  a  certain 
direction  the  unit  vector  along  which  will  be  designated  by  1Q,  and 
the  corresponding  coordinate  through  l.  Then  the  differential 
operator  G(A ),  standing  in  the  left  side  of  (2.22),  can  be  convert  to 
the  form: 

Q\A)  =  A  cos  ks  •  cos  si,,  •  ^  .  (2.2*0 

Hence  it  is  clear  that  the  main  direction  of  action  of  the  differen¬ 
tial  operator  G  is  the  direction  of  the  beam  vector  s.  The  solution 
of  equation  (2.22)  has  the  form: 

A  =  F  <[srj)  exp  [—  6(sr)j ,  (2.25) 

A 

where  8  —  — -^5-  ,  and  F  is  the  arbitrary  function  of  argument  [sr], 

A 

|||*  COS  kl 

on  which,  in  accordance  with  (2.24),  the  operator  G  does  not  act 
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In  the  boundary  value  problem,  the  direction  of  the  change  in 
amplitude  is  assigned  directly  conditions  of  the  problem.  Actually, 
if  there  is  examined  the  semilimited  anisotropic  medium,  cnto  which 
from  without  falls  the  monochromatic  wave,  the  direction  of  the 
change  in  amplitude  coincides,  obviously,  with  the  normal  to  the 
boundary.  Introducing  the  cartesian  coordinates  and  directing  the 
axis  z  along  the  normal  (here  there  can  be  any  position  of  the 
optical  axes  with  respect  to  the  z  axis)  the  solution  of  equation 
(2.21)  can  be  represented  in  the  form: 


where  /(as,  y)  —  certain  function  determined  by  the  boundary  conditions. 
Formulas  (2-25)— (2.26)  give  the  solution  of  the  problem  at  hand. 

In  the  problem  examined  above  about  the  propagation  of  unmodu¬ 
lated  waves  is  a  dissipative  medium,  the  truncated  equation  (2,21), 

p 

equivalent  to  within  \i  to  the  initial  second  order  equation  in 
partial  derivatives,  proves  to  be  an  ordinary  first  order  equation, 
which  is  absolutely  similar  to  that  which  takes  place  in  the  theory 
of  systems  with  concentrated  constants  (in  this  meaning  we  usually 
indicate  the  space-time  analogy,  see  §  6  of  this  chapter).  This 
case,  of  course,  is  the  simplest;  in  general  the  presence  of  two 
independent  variables  in  wave  problems  makes  them  more  diverse  than 
corresponding  problems  in  the  theory  of  systems  with  concentrated 
constants.  The  procedure  stated  above  of  obtaining  shortened 
equations  can  easily  be  generalized  in  the  o-se  of  modulated  waves. 
Being  limited  by  frames  of  the  method  of  slowly  changing  amplitudes, 
we  will  consider  that  the  changing  of  complex  amplitudes  with  time 
are  slow  and,  consequently,  the  solution  of  equation  (2.2)  can  be 
sought  in  the  first  approximation  in  the  form: 

E  =  tA  K  |ir)  e‘<"f-fcr>+  p  U  (r,  /),  (2.27) 

where  U  is  the  periodic  function  of  time  and  coordinate. 

Repeating  the  procedure  used  in  the  derivation  of  (2.21)  (here, 
however,  in  contrast  to  the  case  of  the  unmodulated  wave  the  relation 
of  the  type  (2.19)  will  be  multiplied  scalarly  by  eexpi^*— ! kr)) , 


10 


we  arrive  at  the  partial  differential  truncated  equation  of  first 
order: 

{j2ue  +  8ncox*  e  +  Am*  ^  ej  d~  -  c*  [k  fre,4)]- 

~c*[vlkei4l] +  4nuoe4je  =  0.  (2.28) 


The  derivative  —  in  (2.28)  appears  from  expression  for  P,  which 

dto) 

for  the  modulated  wave  can  be  represented  in  the  first  approximation 


as : 


P  ™  x  (<a)  e  —  pe  ^  V  **  (O  e~M'  dt'+ 

.  .  _v 

■  dft  ■ei(m,Lu)+  p’J  x«<0 u (r. 

dA 


(2.29) 


Replacing  in  (2.28)  the  coefficient  with  -2-' with  the  help  of  (2.10), 

dt 

we  have  finally : 


[e {ke]] s d~-f  [« (ke]j  v^  +  eae/l  =  0. 


(2.30) 


The  general  solution  of  (2.30)  is  the  product  of  the  solution  of 
the  stationary  equation  (2.21)  on  a  certain  function  of  the  argument 
\i(t  -  sr) : 

A  —  A(pr)-/ [a-(/~ sr)J .  (2.31) 

Further  we  will  pu...ue  the  generalisation  of  truncated  equations  of 
the  form  (2.21)  or  (2.30)  in  the  case  of  a  nonlinear  medium. 

Equation  (2.30)  proves  to  be  very  convenient  in  the  Investigation  of 
modulated  waves  in  linear  dispersive  media,  in  particular,  in  the 
investigation  of  distortions  of  modulation  in  a  dispersive  medium, 
where  calculations  founded  on  spectral  concepts  prove  to  be  more 
laborious . 

§  3 •  Interaction  of  Waves  in  a  Nonlinear 
Anisotropic  Media 

3.1.  Quadratic  Medium.  Truncated  Equations. 

As  was  already  indicated  in  Chapter  I,  the  appearance  of  a 
wave  of  nonlinear  polarization  in  a  quadratic  medium  is  the  result 
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of  the  interaction  of  two  waves  of  the  field;  in  this  paragraph, 
by  the  method  of  slowly  changing  amplitudes,  we  investigate  the 
general  regularities  of  three-frequency  interaction  in  space.  Here 
for  the  fullest  description  of  such  an  interaction,  rne  should 
consider  not  only  the  two  initial  waves  of  the  field  but  also  the 
natural  wave  of  the  medium  on  the  combination  frequency.  In  accor¬ 
dance  with  what  has  been  said  let  us  present  field  in  the  nonlinear 
medium  in  the  form: 


E  =  Ex  +  E,  +  E3  =  txA,  (yj,  nr) 

H-  Mi  (\>4,  nr)  +  Ms  (\it;  nr) 

'  •.  +  complex  conjugate.  (2.32) 

(Here  we  will  no  longer  repeat  in  detail  the  procedure  of 
the  derivation  of  the  truncated  equations,  and  therefore  we  will 
not  write  vectors  'v  yn  in  (2.32).)  In  (2.32)  vectors  e^ 
characterize  the  polarizations  of  the  waves,  A  -  complex  amplitudes, 

and  k  -  wave  vectors  of  natural  waves  of  the  medium.  Between 

n 

frequencies  for  the  examined  interaction  there  takes  place  the 
relation : 

a,  =  <as . ,  (2.33) 

Waves  (2.32)  in  ahe  quadratic  medium  excite  pairwise  forced 
waves  of  nonlinear  polarization  on  combination  frequencies. 

Amplitudes  of  these  forced  waves  have  tbe  form: 

P-+-< ~  AtA? ;  A3A]  et  c  , 

Waves  of  nonlinear  polarization  excite  corresponding  waves  of 
the  field,  and  the  latter,  in  turn,  new  waves  of  polarization;  all 
of  this  determines  the  interaction  of  waves  E^,  Eg  and  E^  in  the 
quadratic  medium.  Let  us  recall  (see  the  introduction,  formula 
(1.23)  and  (1.24))  that  the  thus  appearing  nonlinear  interactions 
can  lead  to  stored  effects  only  in  the  case  when  wave  numbers  of 
forced  waves  of  nonlinear  polarization  are  close  to  wave  numbers 
of  natural  waves  of  the  medium  on  corresponding  combination 
frequencies,  The  condition  of  the  appearance  of  stored  effects  with 
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three-frequency  interactions  (it  is  accepted  to  call  it  the  "condition 
of  synchronism")  has,  obviously,  the  form 

k,  +  k,«k,.  (2.3*0 

Subsequently,  we°will  consider  also  small  /~|»/  deviations 
from  the  exact  condition  of  synchronism;  we  will  consider  that 
between  wave  vectors  there  takes  place  a  relationship  somewhat 
more  general  than  (2.3*0  of  the  form: 

/'kx  +  kj-ka  +  A,  (2.35) 

where  |A|/k — |a.  . 


Let  us  turn  to  the  derivation  of  the  truncated  equations.  For 
this,  just  as  in  §  2,  the  unknown  solution  of  (2.32)  should  be 
substituted  into  equation  (2.2).  Let  us  note  that  here,  in  contrast 
to  the  linear  medium,  the  vector  of  polarization  P  will  contain 
not  only  terms  of  the  form  (2.29),  taken  for  frequencies  w^,  u>0 
and  to ^  (we  will  designate  them  (1),  {2}  and  (3)),  but  also  nonlinear 
terms  determined  by  the  interaction  of  the  waves.  Therefore,  the 
full  expression  for  vector  P  in  the  quadratic  medium,  excited  by  the 
three  waves,  has  the  following  form  (in  P  only  components  having 
frequencies  co^,  and  are  increased  in  value): 


^  C.JJ  4-.{2)  {3}  ^  . 

:  "+  complex  conjugate. 


(2.36) 


Conducting  further  computations,  just  as  in  the  preceding 
paragraph,  and  '.ollecting  terms  corresponding  to  identical  frequencies, 
(for  this  one  should  conduct  term-by-term  integration  with  respect 
to  periods  >  we  arrive  at  truncated  equations  of  the  form 

[*i  IkiCiJ]  Sj  d-p  +  [ex  [kxCillv^x  +  (*i“x  e*Mx  + 

+  /P<ofe+Wr4J^  =  0; 

[e,  [k,  «al3  *2^  +  [e*  [ku  e*)l  y/i,  («so,  %)  A^-i- 

*  (2.37) 

13 


(c*  S,  01  "f*  [Cj  [kj  Cj) )  yA s  -{-  (e3a3  e3)  At  -f- 


where 


p  “  §-<«!  x'-”'  es «»)  =  %  e.)  =  g(eai-+-e1e1). 


2 n 


(2.38) 


The  last  equalities  take  place  in  virtue  of  the  relationship  (1.56). 

2 

With  an  accuracy  of  -\<p  equations  (2.37)  are  equivalent  to  the  initial 
equation  (2.2)  for  the  case  of  the  three-frequency  interaction. 

When  6=0  equations  (2.37)  become  independent;  each  of  them  has 
the  form  of  equation  (2.30)  -  in  this  case  the  medium  is  linear, 
and  the  principle  of  superposition  acts.  Conversely,  when  6^0 
waves  of  different  frequencies  interact  with  each  other;  the  process 
of  interaction  is  described  the  last  in  (2.37)  having  an  order  of 
'Hi .  As  one  should  have  been  led  to  -xpect,  the  value  of  these 
terms  is  determined  not  only  by  the  nonlinearity  of  the  medium  6 
and'  amplitudes  of  interacting  waves  but  also  by  the  dispersion 
properties  of  the  medium,  which  enter  into  nonlinear  terms  through 
exponentials  of  the  form  exp  (±iAr).  Here  the  maximum  nonlinear 
interaction  takes  place,  obviously,  when  ArsO  (this  corresponds, 
in  particular,  to  tne  fulfillment  of  the  exact  condition  of  synchronism 
(2.34) ).  At  large  I A |  nonlinear  terms  prove  to  be  rapidly  oscillatory 
and  therefore  cannot  essentially  change  the  complex  amplitudes 

waves  propagate  practically  just  as  they  do  in  a  linear  medium. 
Although  equation  (2.37)  is  simpler  than  the  initial  nonlinear 
equation,  even  here  an  analytic  solution  in  general  is  not  possible 
to  obtain.  We  will  pursue  the  analysis  further  and,  where  it  is 
possible,  by  secondary  simplifications  of  system  (2.37);  here 
we  will  deduce  certain  general  relationships  taking  place  for  the 
tnree- frequency  interaction  of  unmodulated  waves  in  a  quadratic 
medium  without  losses. 


Let  us  assume  that  the  nonlinear  dielectric  occupies  the 
half-space  z  >  0,  and  three  plane  waves  of  the  type  (2.32)  drop 
on  it  at  different  angles  from  the  vacuum.  Then  the  complex 
amplitudes  of  the  waves,  which  passed  into  the  dielectric,  depend 
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obviously  only  on  z ,  and  equations  (2.37)  obtain  the  form 


^coskjSj-cosSjZj^  +  $<■>,  e+,i**  •C’AiA*2  =  0;  (2 . 3,-a) 

*3 ccs k^Sj •  cos zfi e+  ,Aj *  =  0;  (2 . 39b ) 

^Jcosk3s3*cossa^0^?+ =0r  (2. 39c) 

where  z ^  —  unit  vector  in  the  direction  of  the  z  axis, 

C  =;  exp  {i(Axx  +  A^y)}.  (2.^0) 


Prom  (2.39)  and  (2.40)  there  follows,  thus,  the  remarkable 

conclusion:  the  effectiveness  of  the  three-frequency  interaction, 

carried  out  along  the  z  axis,  is  affected  only  by  z  —  component 

"vector  of  frequency  difference"  A  and  A  . 

z 

Multiplying  these  equations  by  A\lv>\,  Ayv>\  and  MJ/co*  and  adding 
them  with  complex  corrugate  expressions,  after  integration  the 
following  relationships  can  be  obtained,  which  are  correct  for  the 
arbitrary  section  z 


..Art  A  A 

*1  COS  *rCOS  *1  *1  A  4«  i  »*  COS  !tj  5,-COS  S,  *0 
l  Al  Al  d - O - 

/AT 


“i 

A 


k  1  COS  ki  »|-COS  »|  »a  ^  y  .  6,  COS  k;  3, -COS  SiZq 
„2  11  •  .  .2 


«2 


A3Al  —  const. 
A2A^  —  const. 


(2.  'll) 


In  order  to  present  (2.41)  in  a  more  transparent  form,  we  will 
consider  that  the  amplitude  of  the  magnetic  field  strength  H  is 
expressed  by  amplitude  A  in  the  following  way: 

c  A 

H  =  —  kAcoste.  (2.42) 


Then  relations  (2.41)  can  be  presented  in  the  form 


«1  .  tf» 


—  const; 


i!*iSL5»  teiS_5»  const. 


(2.43) 


] 


i 

i 
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Subtracting  the  second  relations  of  (2.43) 
we  have : 


'■+  ■ — ■ — — — -  ==  const. 


from  the  first, 

(2.43a) 


From  (2 A3)  there  follows  the  lav/  of  conservation  of  energy 
flow.  Let  us  multiply  the  first  relation  (2.43)  by  ,  relation 
(2.43a)  by  and  add  the  obtained  expressions.  Considering  (2.33) 
we  will  obtain: 

{E,  Hjj  z0  +  [E2  H*j  z0  +  [E3  Hj]  z0  =  const.  (2.44) 

The  last  one  means  that  the  general  energy  flow  through  the  area 
element  parallel  to  the  boundary  does  not  depend  on  the  coordinate 

3-2.  Energy  Relationships  with  Three-Frequency 
Interactions  in  a  Quadratic 
Medium.  Discussion. 

The  general  energy  relations  (2 . 4l)-(2 . 44 ) ,  which  characterize 
the  flow  of  three-frequency  interactions  in  a  quadratic  medium, 
allow  a  very  graphic  quantum  interpretation.  Actually,  in  quantum 
language,  the  excitation  of  harmonics  and  combination  frequencies 
should  be  treated,  obviously,  as  processes  of  the  merging  and 
division  of  photons.  Having  this  in  mind,  the  relations  (2.33) 
and  (2.34)  multiplied  by  Planck's  constant  should  be  interpreted 
as  laws  of  the  conservation  of  energy  and  momentum  in  an  elementary 
three-photon  interaction.  Relations  (2.43)  mean  that  the  sum  of 
the  number  of  quanta  of  frequencies  m  and  and  the  difference 
in  the  number  of  quanta  of  frequencies  and  w2 ,  which  passed 
through  a  unit  area  element  parallel  to  the  border  of  the  dielectric 
(in  an  anisotropic  dielectric  quanta  move  along  the  beam  vector), 
remain  constant.  Let  us  note  that  in  relations  (2.33) >  (2.34)  and 
(2.43)  nonlinear  properties  of  the  medium  (in  quantum  language,  they 
determine  the  probability  of  the  merging  or  division  of  photons), 
in  general,  do  not  appear;  therefore,  these  relations  act  in  all 
cases  when  three-photon  interactions  are  solved.  Quasi  particles 
corresponding  to  the  interacting  fields  should  not  have  to  be 
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photons;  they  can  also  be  photons,  magnons  etc.  The  fulfillment 
of  relations  (2.33),  (2.3*0  and  (2.43)  will  be,  of  course,  obligatory 
for  them  (see  also  [103]).  In  connection  with  what  has  been  said, 
there  is  interest  in  the  consideration  of  nonlinear  interactions 
of  electromagnetic  waves  by  methods  quantum  electrodynamics;  certain 
results  in  this  direction  are  contained  in  [98  and  101], 

Finally,  relations  (2.43)  prove  to  be  aralogous  in  form  (for  more 
detail  on  this  see  §  6  of  this  chapter)  to  the  well-known  concentrated 
constants  in  the  theory  of  nonlinear  reactive  systems,  the  so-called 
Manley-Rowe  relationships  [104].  From  this  point  of  view  it  is 
possible  to  examine  (2.43)  as  a  generalization  of  Manley-Rowe 
relationships  on  anisotropic  media  (for  a  one-dimensional  medium 
such  a  generalization  was  carried  out  in  [106  and  107])  and  the 
quantum  interpretation  (2.43)  given  above  as  the  quantum  treatment 
of  the  relationships  of  Manley-Rowe.1 

Subsequently,  in  specific  problems,  we  will  use  widely  relation¬ 
ships  of  Manley-Rowe;  here  the  values  of  constants  in  their  right 
sides  can  be  determined  with  the  help  of  boundary  conditions  charac¬ 
teristic  for  the  given  problem. 

3- 3-  On  the  Interaction  of  Waves 
in  a  Cubic  Medium 

We  will  now  examine  the  process  of  the  interaction  of  waves  in 
an  anisotropic  dispersive  medium,  the  lowest  term  in  the  decomposition 
of  field  polarization  for  which  is  the  cubic  term.  The  method  of 
derivation  of  truncated  equations  here  does  not  differ  from  that 
examined  in  3-1;  therefore,  being  interested,  in  the  first  place, 
only  in  qualitative  effects  distinguishing  the  cubi..  medium  from 
the  quadratic,  here  we  will  not  examine  the  general  case  of  the 
four- frequency  interaction  in  the  cubic  medium  but  will  limit 
ourselves  to  an  analysis  of  the  degenerated  interaction  of  unmodulated 
waves,  which  allow  revealing  the  most  characteristic  properties  of 
the  cubic  medium. 


'For  systems  with  concentrated  constants  such  quantum  interpre¬ 
tation  was  first  given  by  Weiss  [105]. 
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Let  us  examine  the  interaction  in  the  cubic  medium  of  two  waves 
with  frequencies 

^=0  and  ©*  =  3©,  (2.45) 

E  =  c,i41(yr)e,("‘'“k,r)  complex  conjugate  (2.46) 

The  relationship  between  wave  vectors  of  natural  waves  of  the  linear 
medium  and  k2  for  the  examined  interaction  should  be  recorded  in 
the  form 

ki  —  3kx-f  A,  (2.47) 

where  |A|/k~ji. 


In  §  3  of  Chapter  I  it  was  shown  that  with  the  passage  of  two 
waves  of  frequencies  and  ©2  through  a  cubic  medium,  in  it  there 
appear  components  of  nonlinear  polarization  at  frequencies 

(©J.+Mi+Uj)  —  3£0j;  (©!  +  ©!—©!)  ~©i;  (©t  +  ©,—©!)  =  ©,;  (©,—©4— ©4)  =  ©*  — 

—  2©,;  {©i  +  ©t— ©j)  =  ©n  and  (©a +  ©1  — ©»)  =©s.  Under  the  condition  (2.45) 
enumerated  components  h xve  a  frequency  w  or  3m.  The  full  expression 
for  the  vector  of  polarization  P  (only  components  with  frequencies 
©  and  3©  are  retained)  now  has  the  form  (compare  with  formula  (2.36) 


P  =  (1)  +  {2)  +  0 C|e,  e‘Ar  + 


+  «, «,  e,  A\A\  + 

+  20-+-*— '•  et  e2  elAiA’A2  e'K'“M  + 

+  es  tjA\A\  c“,4r  + 

+  20"1+*’*—  e,  e2  e2  Ax  A2  A\  + 

.  +  e't"''-™  +  complex  conjugate. 


(2.48) 


Proceeding  further  in  the  same  way  as  in  the  preceding  paragraphs,  it 
is  possible  to  errive  et  truncstieci  eQUEtiions  3  v/bicb  describe  tbe 
process  of  interaction  of  unmodulated  waves  in  a  nondlssipative 
cubic  medium.  They  have  the  form 

cos  k*S,  •  cos  st  z0  +  i3Cyd\  A'?  A2  $!***  + 

•  ‘  +'Y,©M^+/Y2®?A^2*==0; 

k2  QOS  s2  •  cos  s.*  zq  -My©»  /l*  e' V .  c  + 

+  /Yau*i4,  /1*4  +  /ft  A\A\  =  0.  (2.49) 
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Here 


C  -  Yi  =  §  (e,  0**+“'~",e1  Cl  Cx); 

Yi  =  ?-(e,e-^'-ele1es); 

Y  “  fr  (*a  0"‘4  ",+,",e1  ej  e,)  =  g  (e10—‘-1eie1e1>, 

Y.  =  §-(ex0'‘+u,'~",e,eteJ)  =  ^(e10--'+-e1e1e,).  (2.50) 

The  last  equalities  follow  from  relations  (1.37)* 

The  most  important  distinction  of  truncated  equations  (2.^9) 
from  corresponding  equations  of  the  quadratic  medium  (2.39)  is  the 
fact  that  each  of  equations  (2.^9)  contains  no  longer  one  by  one, 
as  in  (2.39),  but  three  nonlinear  terms  describing  the  interaction 
of  the  waves.  Here  the  character  of  nonlinear  interactions  described 
by  various  nonlinear  terms  in  (2.^9),  as  it  is  easy  to  see,  is 
different.  Really,  nonlinear  interactions  proportional  to  the  coeffi¬ 
cient  y,  just  as  nonlinear  interactions  in  a  quadratic  medium, 
considerably  depend  on  phase  relationships  between  the  waves,  which 

<£A  £ 

is  described  by  the  factor  e  z  .  Nonlinear  interactions  propor¬ 
tional  to  Yj_,  Y2j  and  Yg,  are  not  connected  with  the  phase  relation¬ 
ships  and,  consequently,  also  with  dispersion  properties  of  the 
medium. 

Therefore,  the  interactions  of  the  first  type  (just  as  analogous 

interactions  in  a  quadratic  medium,  they  are  maximum  when  A  =0 

and  practically  unimportant  when  A  +  »)  can  be  called  "coherent" 

z 

in  contrast  to  "incoherent"  interactions,  which  are  connected  with 
nonlinear  coefficients  Yj_,  y2>  and  Yg*  Comparing  (2.50)  with 
(1.32)  and  (1.33),  it  is  easy  to  clarify  the  physical  meaning  of 
"incoherent"  interactions  (and  "self-actions")  of  electromagnetic 
waves  in  a  cubic  medium:  they,  obviously,  are  connected  with  non¬ 
linear  corrections  to  the  dielectric  constant. 

We  will  give  subsequently  a  detailed  consideration  of  the  pattern 
of  "Incoherent"  interactions;  here  we  will  limit  ourselves  only 
to  the  derivation  of  general  energy  relations  similar  to  relations 
(2.43M2.M). 
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and  the 


A 

Let  us  multiply  the  first  equation  (2.49)  by  — 

3d)] 

A* 

second  by  — -  ,  and  let  us  add  the  obtained  expressions  with  their 

<4 

complex  conjugate.  Integrating  with  respect  to  2,  we  obtain 


A  A  A  A 

>1  COS  St  It  A  A,  p  A,COSkpS,COSS,ro  A  At  _ i 

3«J  1  1+  4  *****  const.  (2. 


Considering  (2.42)  and  (2.45),  we  have 


51) 


EjjK+MI*._consl  •  (2.52) 

3® i  (iH 

-  Manley-Rowe  relationship,  which  is  fulfilled  in  every  section  s 
of  the  cubic  medium  for  the  degenerated  four-frequency  interaction. 


From  (2.52)  it  follows  that  the  increase  in  quantity  of  photons 
of  frequency  au  passing  through  a  unit  area  element,  parallel  to 
the  border  of  the  dielectric,  by  a  certain  number  A is  inevitably 
connected  with  a  decrease  in  the  number  of  photons  of  frequency 

by  ANi—3&N2  and  conversely.  Just  as  in  the  case  of  the  quadratic 
medium,  the  indicated  relation  would  have  been  possible  to  write 
using  the  quantum  interpretation  of  nonlinear  interactions  of  waves 
as  a  basis. 


Using  (2.52)  and  (2.45),  we  will  obtain  the  lav/  of  the  conserva¬ 
tion  of  energy  flow: 

(E,  I1J]  z0  +  [E2  H*]  z0  =  const.- '  (2.53) 


§  ** •  General  Characteristic  of  Interactions  of  Waves 
in  Nonlinear  Dispersive  Media.  Boundary 
Value  Problems.  Secondary  Simplifica¬ 
tions  of  Truncated  Equations.  Side 
Forces  in  a  Nonlinear  Medium 


4.1.  Boundary  Value  Problems;  Classification 
of  Nonlinear  Interactions 


Truncated  equation  (2.37)  or  (2.39)  and  (2.49)  describe  the 
interactions  of  waves  in  a  nonlinear  medium,  which  occur  in  absence 
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of  side  fields  (the  linear  problem  is  uniform).1 

In  §  3,  in  the  derivation  of  truncated  equations,  boundary 
conditions  were  considered  by  us  only  in  the  determination  of 
direction,  along  which  there  occurs  a  change  in  complex  amplitudes, 
and  the  actual  values  of  complex  amplitudes  A  on  the  border  of  the 
nonlinear  medium  were  not  specified.  A  specific  definition  of  the 
conditions  permits  separating  within  the  bounds  of  the  three-frequency 
(for  a  square  medium)  or  four- frequency  (for  a  cubic  medium)  inter¬ 
actions  different  special  cases  corresponding  to  different  physical 
effects.  A  detailed  investigation  of  the  boundary  value  problems 
are  given  in  Chapters  III-Vj  here  we  will  give  only  their  classifi¬ 
cation  and  also  examine  certain  general  regularities  of  the  course  of 
nonlinear  interactions  corresponding  to  various  boundary  conditions. 

In  the  analysis  of  general  properties  of  nonlinear  interactions, 
energy  relations  of  the  type  (2 . *J3)-(2 . )  and  (2 . 52 )- (2 . 53)  can  be 
used  very  effectively;  being  interested  only  in  the  fundamental 
side  of  the  matter,  we  will  limit  ourselves  here  to  the  consideration 
of  interactions  of  unmodulated  waves  in  the  medium  without  losses, 
for  the  case  | A |  =  0. 

Let  us  turn  to  the  three-frequency  interactions  described  by 
system  (2.39).  In  the  absence  of  side  fields,  the  three-frequency 
interaction  can  appear  only  in  the  case  when  on  the  horde-  of  the 
nonlinear  medium,  at  least  amplitudes  of  two  waves  are  different 
from  zero.  Here,  besides  the  general  case, 

A  (0)^0;  At  (0)  =f=  0;  ^(0)^=0 
one  should  examine  such  cases  for  which 

A,  (0)  0:  A.  (0)  0;  A.  (0)  =  0;  ( 2 . 5  'O 

A(0)=£0;  ^,(0)=f0;  (2.55) 

A (0)  =jL 0;  j4» (0)  =i 0;  Aa (0) sjt 0;  (2.56) 

*We  call  such  a  problem  in  nonlinear  theory  uniform,  noting 
in  this  the  absence  of  "linear"  side  forces. 
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Prom  equations  (2.39)  it  follows  that  with  the  three-frequency 
interaction  in  a  quadratic  medium,  in  general,  there  are  two  opposite 
processes : 

1.  Waves  of  frequencies  and  excite  the  wave  at  frequency 
-  the  process  of  "merging  of  photons,"  described  by  equation 
(2.39c)  occurs. 


2.  Simultaneously  with  the  process  of  the  merging  of  photons, 
there  occurs  the  process  of  the  "disintegration"  of  photons  of 
frequency  (interaction  of  waves  of  frequencies  and  w2  and 
frequencies  and  )  described  by  equations  (2.39a)  and  (2.39b). 


In  accordance  with  (2 .^3)-(2 • M  ) ,  for  increases  in  energies 
dWn  of  waves  on  segment  dz  these  relations  take  place:  (in  contrast 
to  the  integral  relations  (2 . ^ 3 )  —  ( 2 . ) ,  then  can  be  called  differen¬ 
tial  energy  relations) 


^  _  dWi  *  d  d  Wj  ^  dWt _  d  Wj  ^  2  57  ) 

w,  tl)[  <l>,  ’  0),  0),’ 

or,  in  quantum  interpretation 

dff^—dN 3;  dN2  —  —dNz,  (2.58) 

where  N-^(z) ,  N^iz)  and  N^(z)  are  numbers  of  photons  in  waves  1,  2, 
and  3-  If  ^(0)  =  ( 0 )  and  N^{0)  =  0  (in  general,  jv3(0)  «A'i(0), W2(0)) 

in  any  case  for  not  too  large  z  the  process  of  merging  dominates 
over  the  process  of  disintegration]  a  decrease  in  the  number  of 
photons  in  waves  1  and  2  in  virtue  of  (2.57)  is  equal  and  unimportant 
and  therefore  here  for  a  description  of  the  nonlinear  interaction 
only  one  equation  (2.39c)  is  sufficient.  This  equation  when 
/li=:  const,  /12=: const  has  the  form 


k3  cos  kg  s3.  cos  s3  z0  +  ifal  C,  =  0, 

where  constant  C|=/4i(0)  */lj(0). 


(2.59) 


Prom  (2.59)  it  follows  that  the  monotonic  growth  of  amplitude 
/I ^  will  take  place  as  long  as  amplitudes  A ^  and  A^  can  be  considered 
constants.  Amplitude  A^  grows  linearly  in  this  case  with  coordinate 
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^s  (2)  —  (0)  + 


(2.59a) 


/(tojjc,  t 

~A 

kt  cos  *•*  s,  cos  s3  z. 

At  large  z  the  reverse  process  (disintegration)  becomes  important. 
Here  equations  (2.39a,  b)  should  be  considered.  The  presence  of 
the  reverse  process  delays  the  rate  of  growth  A^  and,  in  general, 
can  obviously  lead  even  to  a  change  in  the  sign  of  the  derivative  ^ 
and,  consequently,  to  the  three-dimensional  beats  of  the  interacting 
waves . 

If  for  boundary  conditions  of  the  type  (2.51))  at  small  z  the 
process  of  "merging"  of  photons  always  dominates  over  the  process 
of  "disintegration,"  for  conditions  of  the  type  (2.55)— (2. 56 )  a 
reverse  situation  takes  place.  If  N3(0)  )§>.A^  (0).,  for  a  description  of 
th>  process  of  "disintegration"  at  small  z ,  here  instead  of  the  full 
system  (2.39)  there  can  be  used  the  equations 

k,  cos  s,  k,;  cos  $  +  /po*  4  (0)  ^  =  0;  (2.60a) 

A,  cos  kj  Sj  •  cos  s^z0  ~  /'P<b|  A3  (0)  /5*  =  0.  (2.60b) 

Differentiating  equation  (2.60a)  with  respect  to  z  and  substituting 

the  derivative  from  the  equation  complex  conjugate  to  equation 

dz 

(2.60b),  we  arrive  at  the  second  order  equation  for  amplitude  A-^ : 

dMi _ ft*  1^  (Q>i*a?  Al _  (2.61) 

.  .  a  a  -a-  a  .  • 

cos  kj  jj-cos  Sj  Zg  cos  k,  sj.co;s  *i  z0 

From  (2.61)  it  follows  that  as  long  as  the  intensity  of  the  wave  on 
frequency  considerably  exceeds  the  intensity  of  waves  at 
frequencies  co^  and  ,  the  "disintegration"  of  photons  of  frequency 
leads  to  an  exponential  increase  in  amplitudes  A^  2  with  the 
coordinate.  The  general  solution  of  equation  (2.6l)  has  the  form 

Al(z)  =  alev'*+ble-r'\  ■ 

and  factor  of  increase 

T.  =  1  /  P* \At  (0)j*  a*  w* 

V  TT7~7a  —  a - a” 

cos  kx  si  cos  lx  Zo'Cos  k,  Sj-cos  s,  Zq 


(2.62) 

(2.63) 
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At  sufficiently  large  ^  ^3  i t  is  necessary  to  consider  the 

reverse  process  (in  this  case,  this  is  the  process  of  merging  of 
the  photons  described  by  equation  (2.39c);  here  the  exponential 
growth  in  A,  9  is  delayed,  and. derivatives  can  even  change 

it 

sign. 


Besides  extreme  cases  indicated  above,  for  which  either 
tf,(0),JVa(0)»JV8(0),  or  tf3(0)»tf >(<)■).  AMO),  other  relationships  between  the 
boundary  amplitudes  of  interacting  waves  can  be  examined.  In  parti¬ 
cular,  with  further  specific  definition  of  boundary  conditions 
(2. 5*0- (2 . 56) ,  there  can  be  practical  interest  in  cases  when 

A\(0)»AMO).  AMO)  (2.64) 

and 

AMO)  —  A/3  (0) » iVj  (0).  (2.65) 


For  not  too  large  z  the  process  of  the  interaction  of  waves 
corresponding  to  boundary  conditions  (2.64)  is  described  by  these 
equations : 

A  A  ja 

*1  cos  k3  S|*cos  sx  z0  ^  (0)  =  0 ;  (2.66) 

.  .  A  A  rf/S. 

k3  cos  k3  s3  •  cos  s3  z0  =~*  +  /fa*  Ax  \  (0)  =  0 .  (2.67) 

Differentiating  (2.66)  with  respect  to  z  and  substituting  ^2  from 
(2.67)  we  arrive  at  the  differential  second  order  equations  for  A^: 


dMi  ,  - _ P»  Ms  (0)1*  <a;»| _ 

dz*  .  A  A  A  .  A  ■ 

* l  cos  Ki  Sy  C05  Si  Za-  C  OS  k,  iy  cos  s,  z* 


•A 


=  0. 


(2.68) 


The  general  solution  of  equation  (2.68)  has  the  form 


where 


(2.69) 


.  .  .a  A  A  A 

cos  k3  *j-cos  *i*3'CoskjSj.cos  SjZ# 


(2.70) 


B’rom  (2. 69)  —  (2.70)  it  thus  follows  that  in  the  case  when  amplitude 
can  be  considered  constant,  the  process  of  the  change  in 
amplitudes  A^  and  A^  has  a  character  of  three-dimensional  beats 
[to  compare  with  (2.59a)  and  (2.62)]. 
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Finally,  initial  stages  of  the  process  of  three- frequency 
interaction  with  boundary  conditions  of  the  form  (2,65)  are  described, 
obviously,  by  equation 

Atcosk^-coss^zo^-f  ip6)JAji4.J  =  0.  (2.71) 

In  all  examples  examined  till  now,  boundary  conditions  were  selected 
in  such  a  way  that  in  any  case  near  the  border  of  the  nonlinear 
medium,  one  of  two  possible  nonlinear  processes  (disintegration  or 
merging)  played  the  dominating  role,  which  inevitably  caused  a  change 
in  the  space  of  amplitudes  of  the  interacting  waves.  At  the  same  time, 
in  general,  such  a  selection  of  boundary  conditions  is  possible  at 
which  at  each  point  of  the  nonlinear  medium  there  occurs  the  dynamic 
equilibrium  between  processes  of  merging  and  disintegration  and, 
consequently,  amplitudes  of  interacting  waves  remain  constant. 


Relationships  between  amplitudes  of  such  stationary  waves  can 
be  found  from  equations  (2.39),  in  which  all  derivatives  Hi.  «o  (k=l,  2,  3). 

Az 

Presenting  complex  amplitudes  in  the  form  Ak—\Ak\  expi<p*(z)  and  equating 
to  zero  separately  the  real  and  imaginary  parts  of  the  obtained 
relations  (see  also  Chapter  III),  we  arrive  at  the  formula  charac¬ 
terizing  the  bond  between  numbers  of  photons  in  stationary  waves 
for  an  arbitrary  point  of  the  nonlinear  medium  (see  equation  (4.2*0): 

tfi(*)-tfi(z)  -  M (z)  4-  Nt (z)l *V,(z).  (2.72) 


The  specific  definition  of  boundary  conditions  permits  in  a 
number  of  cases  considerably  simplifying  system  of  truncated 
equations.  In  the  weakly  nonlinear  medium  the  spatial  scales  of 
processes  of  the  change  in  amplitudes  of  interacting  waves  prove 
to  be  usually  very  large  for  processes  described  by  equations  (2.59), 
(2.61) ,  (2.68)  and  (2.71).  These  scales  have,  obviously,  (see 
formula  (2.38))  the  value 


'W 


1 

X^n(O)  ton 


(2.73) 


Inasmuch  as  it  was  already  indicated  in  the  introduction  (see 
formula  (1.1*0),  quantity  x^(°) <10~s  -JO-6  and  i05~  I06\  in  many 
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problems  of  the  characteristic  length  of  the  coherent  interaction  L 

(2.7*0 

Thereforej  although  in  principle  both  the  process  of  merging  and 
process  of  disintegration  of  the  photons  always  take  place,  in  the 
fulfillment  of  condition  (2.7*0  it  is  possible,  in  general,  to 
consider  only  that  one  of  these  processes  which  plays  the  determining 
role  on  the  border  of  the  nonlinear  medium.  Here  the  analysis  of 
the  full  system  of  truncated  equations  can  be  replaced  by  an  analyses 
of  the  system  in  which  amplitudes  of  powerful  waves  are  examined  as 
ssigned  functions. 

Subsequently,  the  approximation  founded  on  the  indicated  circum¬ 
stance  will  be  called  the  approximation  of  the  assigned  field. 
Inasmuch  as  in  the  approximation  of  the  assigned  field  interacting 
waves  are  disparate,  here  within  the  bounds  of  the  three-frequency 
interaction  it  is  possible  to  separate  various  physical  effects 
corresponding  to  different  boundary  conditions  on  the  border  of  the 
nonlinear  medium. 

In  the  fulfillment  of  condition  (2.7*0  the  problem  with  bounuary 
conditions  (2.5*0  can  be  called  the  problem  on  the  radiation  of 
harmonics  and  total  frequencies  ir.  the  quadratic  medium.  The  problem 
with  boundary  conditions  (2.55)  or  (2.5 6)  when  0)  'v  ^(O)  or 
N^( 0)  ■  fl^(O)  is  reduced  to  the  detcting  of  radiation  of  waves  of 
difference  frequencies  in  the  quadratic  medium.  Finally,  nonlinear 
effects  appearing  in  those  cases  when  the  intensity  of  one  of  the 
interacting  waves  considerably  exceeds  the  intensities  of  the  two 
others  (see  equations  (2 . 60a)-(2 .60b )  and  (2.66)  —  (2.67  ) ) ?  within 
the  bounds  of  the  approximation  of  the  assigned  field  can  be  called 
the  parameteric  Interaction  of  the  waves.  The  last  term  is  based 
on  the  fact  that  the  analysis  of  interactions  described  by  equations 
(2. 60a)-(2. 60b)  or  (2 .66)— (2 . 67)  can  oe  conducted  also  on  the 
basis  of  concepts  about  the  medium,  the  dielectric  constant  of  which 
is  changed  in  space  and  in  time  according  to  the  law  determined  by 
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changes  in  the  field  of  the  intense  wave.  In  order  to  be  convinced 
of  this,  we  will  derive  equations  describing  the  propagation  of  waves 
in  the  medium,  the  dielectric  constant  i(t,  <d,  z)  of  which  is  changed 
according  to  the  law  of  the  traveling  wave: 

e  {/,  o>,  z)  =  e0{to)  +  n  ej  j  #  (2.75) 

Here  u,  just  as  before,  small  parameter  (^<£1),  the  wave  vector 
k^  =  k^Zg.  We  will  consider  that  in  the  examined  medium  at  arbitrary 
angles  to  the  normal,  directed  along  the  z  axis,  waves  at  frequencies 
and  fall  such  that  +  (^  =  For  jt<£l  it  is  .aturai  to 

present  the  field  in  the  medium  in  the  form  (compare  (2.32)): 


E  =  El  +  E*  =  e1i41  (nz)e,("“‘-k‘T)  +  e,  At  + 

+  complex  conjugate  (2.76) 

Substituting  (2.75)— (2. 76)  into  equation 

c* IV [V^ll  +  6.  where  D  =  e(/,o>,z)E  (2.77) 

and,  using  the  procedure  discussed  in  §  3  of  this  chapter,  we  arrive 
at  the  conclusion  that  the  essential  interaction  between  waves  2 
in  the  medium  with  a  dielectric  constant  of  the  form  (2.75)  can 
take  place  only  with  the  fulfillment  of  condition  k^  +  k2  -  k 
(compare  (2.3*0)*  where  the  process  of  the  change  in  complex  amplitudes 
and  A2  in  the  space  is  described  by  truncated  equations  of  the 

form 


where 


A  A  41 

cos  Kj  s,  •  cos  s,  z0  H-  %  ^  =*  0; 

(2.78a) 

A  '  A  vj 

^2  cos  kj  Sj  •  cos  Sj  f*  /t(2  (Oj  v4j  =  0, 

(2.79b) 

j  A  j  A " 

*h  =  2^(®x®i®*)l  %  13  2^1  (®*®i®i)» 

(2.79) 

It  is  easy  to  see  that  equations  (2,78)  have  the  same  form  as  that  of 
equations  (2.60)  and,  consequently,  allow  the  existence  growing 
solutions  of  the  form  (2.62),  which  describe  the  amplification  of 
waves  2«  The  indicated  intensification  in  terms  of  the  three- 
frequency  interaction  of  waves  in  a  nonlinear  medium  should, 
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obviously,  be  treated  as  a  forced  coherent  process  of  disintegration 
of  photons  of  frequency  which  occurs  under  action  of  photons 
of  frequencies  w1  and  <o2.  On  the  other  hand,  with  the  use  of  concepts 
on  the  medium  with  variables  parameters  the  process  of  amplification 
can  be  treated  as  the  result  of  the  work  produced  by  the  nor.stationary 
medium  above  waves  2  and  the  very  amplification  of  the  waves  can 
be  called  parametric  amplification. 

Similarly,  the  interaction  of  waves  described  by  equations 
(2 . 66 )- (2 . 67 )  can  be  treated  as  the  parametric  interaction  in  the 
medium,  the  dielectric  constant  of  which  has  the  form 


e  (/,  w,  z)  =  c0  (u)  +  n  et  { ~  *■*>}.  (2.80) 

The  process  of  spatial  beats  occurring  between  waves  of  frequencies 
and  can  be  called  the  parametric  conversion  of  frequency  in 
a  medium  with  variable  parameters. 

Of  course,  the  consideration  based  on  equations  of  the  type 
(2.30)  and  their  results  (2.60)  and  (2.66)— (2.67)  is  fuller  than  the 
consideration  founded  on  (2.75)  and  (2.80),  inasmuch  as  in  the  first 
place,  here  it  is  possible  uo  analyze  the  conditions  of  applicability 
of  concepts  on  the  medium  with  variable  parameters  and,  secondly, 
directly  calculate  the  characteristics  of  the  tensor  of  the  second 
class  in  terms  of  characteristics  of  the  tensor  of  the  nonlinear 
polarizability  of  the  quadratic  medium.  Actually,  in  virtue  of 
(2.38)  and  (2.79) 

«i e»  —  4rte1x“’-~’e3 e,;  e2e1e1=4ne3x’‘-w,e3e,.  (2.81) 

Within  bounds  of  the  uniform  problem,  the  model  of  the  medium,  with 
parameters  variable  according  to  the  law  of  the  traveling  wave, 
is  applicable  only  for  the  dispersive  medium.  Actually,  the  use  of 
formulas  (2.75)  and  (2.80)  assumes  the  absence  of  considerable 
distortions  of  the  intense  wave  (frequencies  or  o>2)  in  the 
examined  medium.  The  latter  can  take  place  if,  first,  waves  at 
frequencies  and  Ug  or  and  “3  can  examined  as  weak,  and 
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excitation  of  harmonics  mo^ ,  or  m»2  can  automatically  be  disregarded. 
It  is  interesting  that  if  the  determining  modulation  of  parameters 
of  the  medium  is  an  intense  force  (or,  as  it  is  accepted  to  call 
pumping  it,  wave)  can  be  essentially  distorted,  the  value  of  the 
parametric  amplification  in  such  a  medium  does  not  exceed  e  times, 
inasmuch  as  precisely  on  the  characteristic  length  of  the  parametric 
amplification  (see  formulas  (2.63)  and  (2.73))  the  sinusoidal 

wave  of  pumping  is  turned  into  a  wave  of  the  sawtooth  form  [compare 
(2.73)  with  (1.2103.  1 

Although  the  energy  relations  (2.143)  —  (2.^14)  and  (2 . 57 )- (2 . 58 )  by 
themselves  do  not  give  information  about  the  "direction"  of  the 
nonlinear  process (merging  or  disintegration)  in  the  quadratic  medium, 
in  those  cases  when  this  Information  can  be  obtained  from  conditions 
(as  takes  place  in  the  approximation  of  the  assigned  field)  the  energy 
relations  permit  estimating  the  effectiveness  of  the  nonlinear 
interaction. 

Let  us  note,  first  of  all,  that  inasmuch  as  in  interactions  of 
the  examined  type  there  is  always  preserved  the  number  of  quanta, 
and  the  conversion  of  frequency  "upwards"  with  an  interaction  of 
waves  in  a  nonlinear  nondissipative  medium  occurs  considerably  more 
effective  than  the  conversion  cf  frequency  "downwards." 

Let  us  turn,  for  example,  to  the  problem  on  the  generation  of 
difference  frequencies  in  a  medium  with  quadratic  polarization, 
which  corresponds  to  boundary  conditions  (2.55).  Prom  (2.57)  it 
follows  that  signs  of  increases  in  energy  of  waves  at  frequencies 
Wj,  wj,  and  AU?12  on  the  segment  of  the  nonlinear  medium  As  are 
identical,  and  signs  of  increases  AIP|  and  A4P3  (and  consequently,  ATP2 
and  A4P3)  are  opposite.  Pour  boundary  conditions  (2.55)  and  small 
z,  AfiPj  2>o  and  AWr3<0;  the  latter  means  that  independently  of 
the  relationship  of  the  number  of  photons  an<^  ^3(0)  the 

energy  of  the  wave  on  freqauncy  with  growth  z  Increases  only 
owing  to  the  one  most  high-frequency  wave.  Here  the  energy  removed 

^'he  last  circumstance  is  one  of  main  difficulties  standing  in 
the  way  of  the  realization  of  acoustic  parametric  amplifiers  of  a 
traveling  wave. 


29 


is  divided  between  waves  of  frequencies 


from  the  wave  of  frequency 
and  with  respect  to 

=  ^  (2.82) 

AW,  Cl', 

0. 

and  when  — Cl  the  increase  in  energy  of  the  low-frequency  wave  is 
small.1  Conversely,  in  the  problem  on  the  generation  of  sum 
frequencies,  for  boundary  conditions  of  the  type  (2.5*0,  AW'lJ<0  and 
and,  consequently,  all  the  energy  of  low-frequency  photons 
participating  in  the  nonlinear  interaction  passes  into  a  high- 
frequency  wave. 

Relations  analogous  to  those  above  can  be  used  in  the  analysis 
of  general  regularities  of  parametric  amplification  and  conversion 
of  frequency.  In  particular,  formula  (2.82)  describes,  obviously, 
the  relationship  of  increases  in  energies  of  growing  waves  in  the 
problem  on  the  parametric  amplification. 

In  conclusion  of  this  point,  let  us  note  that  although  the 
classification  of  nonlinear  boundary  value  problems  given  above 
pertained  to  three-frequency  interactions  in  the  quadratic  medium, 
analogous  considerations  can  be  assumed  as  the  basis  of  the  classi¬ 
fication  of  different  boundary  value  problems  capable  of  appearing 
within  the  bounds  of  four-frequency  interactions  (cubic  medium). 

Thus,  just  as  in  the  three-frequency  interaction,  in  the  four- 
frequency  interaction,  in  general,  there  simultaneously  occur  processes 
of  disintegration  and  merging  of  photons,  (complicated  by  effects  of 
the  "self-action"  of  the  waves,  see  formula  (1.32)).  For  example,  the 
second  equation  of  (2.49)  describes  the  process  of  merging  of  three 
photons  of  frequency  w,  and  the  first  equation  of  (2.49)  -  the 
reverse  process  of  disintegration  of  photons  of  frequency  3m. 

When  AMO)  >  AMO)  in  any  case  for  border  the  process  of  merging 
_  .  ©•. 

JLet  us  stress  that  this  conclusion  pertains  on]y  to  nonlinear 
interactions  in  a  nondissipative  medium  (medium  with  "reactive" 
nonlinearity).  However,  an  effective  generation  of  waves  of 
difference  frequencies  proves  to  be  possible  in  media  with  dissipative 
nonlinearity,  for  which  energy  relations  of  the  type  (2.57)  are 
already  inapplicable  (see  [95]). 


of  photons  (the  process  of  generation  of  the  third  harmonic)  pre¬ 
dominates  . 


For  a  cubic  medium  the  spatial  scale  of  nonlinear  four- frequency 
interactions  z/3)  has  the  "orm  [compare  equations  (2.39)  and  (2.49) 
and  also  formula  (2.73)]: 


i 

•42(0)k„  ' 


(2.83) 


For  lK<LM  ,  just  as  in  the  fulfillment  of  condition  (2.7*0  in  the 
quadratic  medium,  in  the  whole  cubic  medium  it  is  possible  to 
consider  only  that  nonlinear  process  (merging  or  disintegration) 
which  plays  the  determining  role  on  its  border.  Condition  lx<L0m , 
is  thus  the  condition  of  applicability  of  the  method  of  the  assigned 
field  in  the  analysis  of  four- frequency  interactions.  The  effective¬ 
ness  of  a  certain  four- frequency  interaction,  just  as  the  three- 
frequency  can  be  estimated  with  the  help  of  energy  relations  of  the 
type  (2.5D— (2. 53 )  * 


4.2.  Side  Forces  in  a  Nonlinear  Medium.  Truncated 
Equations  of  a  Nonuniform  Problem 
of  Electrodynamics  of  a 
Nonlinear  Medium 


The  method  of  conclusion  of  truncated  equations,  discussed 
in  §  3  of  this  chapter  can  easily  be  generalized  in  the  case  of  a 
nonuniform  problem. 

As  an  example  let  us  examine  the  three-frequency  interaction  in 
a  quadratic  medium,  at  each  point  of  which  there  acts  a  side  force  — 
side  current  with  desnity  I (t,  r). 

Then  initial  equations  of  the  nonuniform  problem  have  the 
form  [compare  (1.1)3 


rot  E  = - —  — 

e  di 


totH  =  Td£  +  4-7di  +  T'W' 


(2 . 8*4 a ) 
(2.84b) 
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and  the  coupling  of  the  vector  of  polarization  P  with  field  E  is 
recorded  in  accordance  with  results  of  Chapter  I .  The  second  order 
equation,  which  corresponds  to  (2.2),  for  the  nonuniform  problem  has 
the  form: 


(vlvE)]  + 


,c» 


+ 


4n  d’pW 

c* 


il 

e*  dt 


=0. 


(2.85) 


The  method  of  deriving  equations  of  the  first  approximation  corre¬ 
sponding  to  equation  (2.85)  is  analogous  to  that  discussed  in  §  2-3. 
At  first  it  follows  to  find  the  general  solution  in  the  zero  approxi¬ 
mation  (p  =  0)  and  then  to  clarify  how  nonlinear  and  dissipative 
terms  disturb.  Here  the  question  of  the  selection  of  the  order  of 
smallness  of  the  side  current  is  very  important  which  should  be 
determined  from  physical  considerations. 


In  many  problems  of  nonlinear  optics  the  appearance  of  side 

forces  in  Maxwell  equations  is  connected  with  natural  fluctuations 

in  the  medium.  In  this  case  it  is  natural  to  consider  I  'v  y  (or 
2 

even  I  'v  p  )  and  therefore  to  examine  the  plane  monochromatic  waves 
of  constant  amplitude  as  natural  waves  of  the  medium  in  a  zero 
approximation. 

Then  the  solution  of  (2.85)  for  the  case  of  a  three-frequency 
interaction  can  be  sought  in  the  form  of  the  superposition  of 
three  waves  with  complex  amplitudes  (2.32)  slowly  variable  in  time 
and  in  space.  It  is  necessary  to  stress  that  in  the  nonuniform 
problem  the  dependence  of  the  complex  amplitudes  of  waves  in  the 
medium  on  time,  in  general,  takes  place  also  when  waves  falling  on 
a  nonlinear  medium,  are  unmodulated;  the  latter  is  connected  with 
the  time  dependence  of  the  side  current  I. 


Let  us  assume  that  at  first  I  'v  p . 
of  the  side  force  will  already  have  an 
equations  of  the  first  approximation. 
(2.85),  using  (2.33),  (2.35)  and  (2.36) 
obtained  expression  by 


In  this  case  the  presence 

-no-  .  i„  _  ^  .  ..w  .  n 

ci  lent  uu  uit  i  ox’jit  ux 

Substituting  (2.32)  into 
,  multiplying  in  turn  the 


ej  exp  i  Kj'— S^r);  e,  exp  i («,  t— k,  r);  es  exp /(<■>,/— k3r) 


32 


and,  each  time  conducting  term  by  term  averaging  over  the  period 
r  _  we  arrive  at  truncated  equations  of  the  nonuniform 

problem. 

For  amplitude  A^}  for  example,  we  have: 

+  (ei®iei)  A  +  =  (2.86) 

Here  ,  «  ... 

5T 

•  J  ®i JJ-expfoijMy*  (2.87) 


Quite  similarly,  in  equations  for  42  and  A ,  there  appear  terms 
/2(p/,  pr),  and  /j(pL  pr),  which  can  be  obtained  from  (2.87)  of  the 
corresponding  replacement  of  indices.  Thus,  the  presence  of  a 
side  current  distributed  over  the  medium  in  the  first  approximation 
leads  to  the  appearance  of  external  forces  acting  on  the  slowly 
changing  complex  amplitudes  of  interacting  waves.  Formula  (2.87) 
shows  that  the  essentially  the  flow  of  a  three-frequency  interaction 
in  a  quadratic  medium  is  affected  only  by  those  components  of  the 
side  current  which  can  be  represented  in  the  form  of  the  super¬ 
position  of  three  waves  similar  in  their  structure  to  waves  of  (2.32), 
i.e.,  for  an  analysis  of  the  influence  of  side  force  i  =  entering 
into  (2.85)  on  the  process  of  the  three-frequency  interaction  one 
should  separate  from  J  only  components  of  the  form 

3 

1  —  2  enAi(»Apr)-exp/(a>„/  —  k„r).  (2.88) 

lt=*I 

If  current  I(t,  r)  is  random,  the  slowly  changing  functions  In  are 
random.  Statistical  characteristics  of  the  latter  can  be  easily 
determined  if  statistical  characteristics  of  the  random  field  I 
are  known. 

Let  us  note  that  the  fruitfulness  of  concepts  on  side  fluc¬ 
tuating  forces  in  the  theory  of  natural  fluctuations  of  a  non- 
quasl-stationar.y  linear  medium  was  first  demonstrated  in  the  monograoh 
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of  S.  M.  fytov  [108].  There  Is  the  possibility  of  using  these 
results  in  the  investigation  of  statistical  phenomena  in  a  nonlinear 
medium.  Certain  concrete  results  obtained  in  this  direction  are 
discussed  in  work  [56]. 

In  the  case,  when  according  to  conditions  of  the  problem  there 

2 

should  be  ascribed  the  second  order  of  smallness  (1  %  y  )  to  the 
outside  force,  the  complex  amplitudes  can  be  represented  in  the  form: 

~  ^i0)  0*/.  yr)  +  \&n  nr),  (2.89) 

where  small  additions  of  an  characterize  the  change  in  the  complex 
amplitudes  due  to  the  influence  of  side  forces.  Here  if  on  the 
border  of  the  nonlinear  medium  waves  E  are  unmodulated,  instead  of 
(2.89)  it  is  possible  to  write: 

An  (n*.  nr)  =  Ai0>  (n'r) nr).  ( 2 . 9  0 ) 

Equations  for  A have  the  same  form  as  those  for  the  uniform 
problem,  and  equations  for  an  have  the  structure  of  equations  (2.86). 
Thus,  for  a-p  for  example,  we  have  [compare  (2.86)]: 

/3/t  A 

[*i  [kx  ti] )  sx  +  [ex  (kx  ex]  j  vax  +  (ex  a  cj  ax  + . 

+  /p<o*«+Mr.  (Xf  aj  +  ^f’a3)  +~/1(n/.nr)=°  /  (2.91) 

2 

Thus,  the  appearance  of  small  ('vy  or  y*" )  side  forces  does  not  change 
the  general  form  of  the  solution  of  (2.32)  and  only  changes  by  in 
some  measure  the  behavior  of  the  slowly  changing  complex  amplitudes. 
V/ith  a  sufficient  degree  of  accuracy  one  can  assume  that  here, 
just  as  in  the  uniform  problem,  the  "direction"  of  the  nonlinear 
process  (merging  or  disintegration)  in  any  case  near  the  border  of 
the  medium  is  determined  by  boundary  conditions. 

The  presence  of  intensive  side  forces  (l  ^  y^ )  is  reflected 
already  in  the  form  of  resolution  of  the  problem  obtained  in  zero 
(y  =  0)  approximation.  Actually,  here  the  equation  of  zero 
approximation  should  be  recorded  in  the  form  (compare  (2.5)) 


^or  simplicity  hex-e  we  do  not  consider  other  effects  having 
an  order  of  u2. 


3^ 


(2.92) 


Sr  +  4« ' T  +  4*  g-  +  C1  (v  (VE]  1  =  o. 

From  (2.92)  forced  waves  excited  in  the  medium  by  side  forces  can 

be  determined.  Let  us  assume  that,  for  example, 

U-  =  m/0exp  /(<o*— k,r),  (2.93) 

where  in  general  k^m  1  0;  the  side  force  is  not  required  to  have 
the  form  of  a  transverse  wave. 


The  forced  wave  can  be  written  in  the  form 

Ii(,)  =  A  exp  i  {<*t—  k,  r)  (2 

and,  consequently,  the  amplitude  of  the  forced  wave  is  determined 
by  the  relation  (compare  (2.8)) 


<oa A -{- 4iki)* x (0) A -f- c'1  [  k,  [  k,  AJ  j  -f- 4nm IQ  =  0.  (2.95) 

For  the  isotropic  medium,  and  also  for  the  case  when  in  the  anisotropic 
medium  the  optical  axis  is  perpendicular  to  the  plane  kj,  m,  it  is 
possible  to  introduce  the  scular  dielectric  constant  e(w)  =  1  + 

+  1J-irK(w),  and  then  for  k^m  =  0  we  have: 


where  />„  =  —  •/  e(<o) 


E«. 

1 


4  nm*  /t 


m 


exp/(<tf_k,r). 


(2.96) 


From  (2.96)  it  follows  that  for  the  weakly  absorbing  medium 

( ImK  y),  the  assignment  of  side  forces  in  a  zero  approximation  is 

correct  only  in  the  case  when  they  do  not  have  a  resonance  action 

on  the  medium,  i.e.,  if  the  phase  speeds  of  forced  waves  are  not 

equal  to  phase  speeds  of  natural  waves  of  the  medium  at  corresponding 

frequencies  (for  a  side  force  of  the  form  (2.93)  the  field  of  the 

forced  wave  is  finite  if  feT  ^  fe  ). 

I  0) 

In  a  quadratic  medium  field  E  excites  the  wave  of  polarization 
at  frequency  2oj: 


P2“  =  px"“[AU)]2  exp  i  (2w  /  -  2k,  r). 


(2.97) 
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The  amplitude  of  the  wave  of  the  second  harmonic,  excited  in  the 
medium  of  the  wave  polarization  (2.97)  will  be  finite  if  fe2t0  ¥  2fe^. 
(see  formula  (1 . 21 )- (1 . 22 ) ) . 

( R  ) 

Thus,  in  a  nonlinear  medium  the  forced  wave  EK  '  can  be 
examined  as  the  assigned  only  until  distortions  of  its  form  are 
stored.  Everything  that  has  been  said  means  that  concepts  on  side 
forces  naving  an  order  of  Pq  in  the  examined  theory  does  not  lead 
to  internal  contradictions  only  when  forced  waves,  excited  by 
these  forces,  can  be  examined  as  stationary,  which  do  not  undergo 
noticeable  distortions  in  the  medium.  It  is  natural,  therefore, 
to  treat  the  influence  of  such  waves  on  the  medium  as  the  modulation 
of  its  parameters.  Let  us  discuss  this  question  in  somewhat  greater 
detail. 


t.3.  Media  with  Variables  Parameters 

In  virtue  of  (1.6),  the  vector  of  nonlinear  polarization  of 
the  quadratic  medium,  which  is  under  the  influence  of  a  strong  side 
field  (/  ^  p°)  and  natural  ("free")  wave  E 

p<J> - 1 f  X (f,  O  E  (/  -  f) E(*> (t-t'-n di’  + 

+Jd/' 

+  ( di'  f  i (/', O  E E(,)  (2.98) 

5  o 

(Here  reduced  symbolic  notation  is  usedf)  The  first  term  in 

(  B  ) 

(2.98)  describes  the  interaction  of  waves  E  and  E  ,  the  second  — 
the  distortion  of  wave  E  and  the  third  —  distortion  of  wave  E^8^. 

If  1E<*)| |E|,  with  substitution  of  (2.98)  into  the  Maxwell  equations, 

(  B  ) 

it  is  possible  to  hold  only  the  first  term  proportional  to  E*EV 

(b) 

(stored  distortions  of  wave  Ev  /  are  impossible,  and  distortions  of 

(b) 

wave  E  against  the  background  of  the  influence  of  wave  E  on  E 
are  unobtrusive).  In  this  case  the  behavior  of  wave  E  in  the  quadratic 
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medium,  which  is  under  the  influence  of  an  intense  side  force,  is 
described  by  the  following  equations  [compare  with  equations  (2.84)]: 


i  <3H 

rotE--  — — 


xotH 


l  6E  |  v 

:  T  ■  aT  +  T  ~ 


r>E  (t-w. 


(2.99a) 

(2.99b) 


where,  the  polarizability  K(r,  *,  £')  dependent  on  time  *  and  in 
general  on  coordinate  r,  yields  expression  [see  (2.98)]: 


x(r,/,0  =  V)+|£(<'.n  El,>  (rj-t'-ndt'  = 


(2.100) 


Equation  (2.99)  can  be  used  in  the  investigation  of  the  propagation 
of  relatively  weak  waves  in  a  cubic  medium,  which  is  under  the 
influence  of  intense  side  electromagnetic  fields. 


In  this  case,  the  polarizability  of  the  equivalent  medium  with 
variable  parameters  can  be  represented  in  tne  form 

x(r,/.r*)-K(0+A(r,/,O.  (2.101) 

where 

\ 

M  (T,  t,  t')  =  f~dT  j  t\  n  E(,)  (r, 

XEw(r (2.102) 

If  the  modulation  of  parameters  of  the  medium  is  produced  by  a  side 
electrical  field,  properties  of  the  symmetry  of  a  tensor  of  the 
second  order  are  directly  determined  by  properties  of  the 
symmetry  of  tensors  x  or  0,  which  is  investigated  in  Chapter  I  in 
detail.  In  spite  of  the  fact  that  in  majority  of  practically 
interesting  problems  the  model  of  the  medium  with  variable 
parameters  appears  [see,  for  example  (2.100)  and  (2.101)]  as  the 
maximum  case  of  the  general  problem  on  the  interaction  of  oscillations 
and  waves  in  a  nonlinear  medium,1  the  approach  based  on  direct 

Comparatively  slow  changes  of  properties  of  the  medium  can  be 
obtained  with  the  influence  of  forces  of  nonelectric  origin.  A 
classical  example  is  the  modulation  of  the  dielectric  constant  of 
the  medium  with  the  help  of  ultrasonic  waves.  Detailed  theoretical 
research  of  the  propagation  of  light  in  such  a  medium  is  given  in 
the  work  of  S.  M.  Rytov  [109]. 
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consideration  of  equations  of  the  type  (2.99)  is  of  interest.  The 
theory  in  which  equations  containing  tenser  A/  (r,  t,  t'),  appear 
as  the  initial  can  be  called  the  electrodynamics  of  nonstationary 
media.  The  expediency  of  construction  of  such  a  theory  is  connected 
to  a  considerable  degree  with  the  importance  of  clarif. cation  on 
its  basis  of  general  properties  of  quantu  .■-mech'inical  and  parametric 
amplifiers.  The  nonequilibrium  of  the  medium,  utilized  in  such 
amplifiers,  is  conditioned,  as  is  known,  by  a  variable  external 
Influence  —  oscillations  or  pumping  waves.  Examination  of  the  general 
theory  of  media  with  variable  parameters  emerges  beyond  the  frame¬ 
work  of  this  book;  we  refer  the  reader  to  a  number  of  works  of 
F.  V.  Eunkin  and  colleagues  [117]-[12^]  in  which  for  periodically 

A 

nonstationary  medium  general  properties  of  tensor  M,  radiation, 
natural  fluctuations  etc.,  are  investigated.  In  this  chapter  we 
will  limit  ourselves  to  certain  remarks  referring  to  the  propa¬ 
gation  of  waves  in  a  medium  with  variable  parameters.  It  is  expedient 
to  distinguish  here  two  groups  of  problems: 

I.  Problems  connected  with  the  propagation  of  waves  in  a  medium 
whose  parameters  are  changed  only  with  time  (nonstationary  spatially 
homogeneous  medium). 

II.  Problems  connected  with  the  propagation  of  waves  in  a 
medium  whose  parameters  are  changed  both  with  time  and  space 
(nonstationary  spatially  nonunif.-"m  medium).  Although,  in  principle, 
j n  both  of  the  indicated  cases  there  is  interest  in  the  arbitrary 
law  of  the  change  in  parameters  of  the  medium,  experimentally 
realized  situations  of  the  case  when  parameters  of  the  medium  are 
changed  periodically  correspond  most  closely. 


Being  interested  here  only  in  the  fundamental  side  o°  matter, 
we  wj  11  consider  for  simplicity  that  the  lav;  of  the  change  in 
parameters  of  the  medium  is  the  harmonic  law.  Then  for  the  spatially 
homogeneous  medium  the  vector  of  polarization  can  be  represented 
in  the  form 


P  = 


f x  *0  E  (t —  f)  dl’  +  J  M  (0  E  {i-f)  di' 


(2.103) 


+  complex  conjugate, 
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(where  ft  -  frequency  of  the  change  in  the  parameter),  and  for  a  spa¬ 
tially  nonuniform  nonstationary  medium 


P=  f  x(OE('  —  (')di'  +  —  t')df  + 

o  o 

+  complex  conjugate. 


(2.103a) 


Here  k^  -  wave  vector  of  the  wave  of  the  change  in  the  parameter. 1 
Equations  of  electrodynamics  of  media  variable  parameters  are 
simpler  than  corresponding  equations  of  a  nonlinear  medium.  Therefore 
here,  in  any  case  for  the  periodically  nonstationary  medi,  it  is 
possible  to  record  the  form  of  the  field  in  the  medium.  Moreover, 
exact  solutions  of  equations  of  the  type  (2.99)  can  be  obtained  for 
certain,  indeed  rather  artificially  selected,  nonperiodic  laws  of 
the  change  in  properties  of  the  medium  (see,  for  example,  works 
[112-113],  where  there  is  investigated  the  change  in  the  amplitude 
and  frequency  of  the  electromagnetic  wave  propagating  in  the  medium 
the  parameters  of  which  linearly  or  quadratically  depend  on  time). 


Let  us  assume  that  on  the  medium,  the  properties  of  which  are 
described  by  formula  (2.103),  there  falls  a  plane  monochromatic 
wave  of  frequency  w.  Then  the  general  form  of  the  plane  wave  in 


*If  modulation  of  parameters  of  the  medium  is  carried  out  by 
the  electrical  field,  using  (2.100)  and  (2.101),  one  can  determine 
the  frequency  ft  and  characteristics  of  the  tensor  $  according  to  the 
assigned  polarization  and  frequency  w  of  the  side  field.  For  the 
quadratic  medium,  obviously  Q-w.ka^k, 

M (Of3 Jx w  C*p  {—  /a (<'  +  i*)l  dt\ 


For  a  cubic  medium  2  =  2<o,  =  2k,  and 

/}(/')==  aw  a(,)  tr.p  {—  »q  (2/'  +  2/*  r))dfdr. 

Let  us  note  also  that  with  transition  from  a  cubic  medium  to  a  model 
of  the  medium  by  variable  parameters,  in  contrast  to  the  case  of 
the  quadratic  medium,  the  stationary  part  of  the  polarizability 
should  be  modified 

*(<•)  =1  C'W  (<'H-  ff  8 (t'.i’.r)  E(t>  (/-/'-  /*)E(,)* -  t-)dt"dl 
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in  such  a  medium  is  given  by  the  formula 

E(r,/)=*2  B(n5 (r) exp /((*>  + n2) i  (2.104) 

The  fact  that  (2.104)  indeed  gives  the  general  form  of  the  wave  in  a 
periodically  nonstationary  medium  it  is  easy  to  be  convinced ,  using, 
for  example,  the  method  of  successive  approximations.  (In  virtue  of 

(2.103)  the  wave  of  the  frequency  w  excites  in  a  nonstationary 
medium  waves  with  frequencies  w  ±  Q,  and  these  waves  in  turn  excite 
waves  with  frequencies  to  ±  2Q  etc.). 

If  all  waves,  (2.104),  are  equivalent,  substitution  of  (2.104) 
into  Maxwell  equations  leads  to  an  infinite  system  of  differential 
second  order  equations  for  complex  amplitudes  E^(r) .  However,  in 
concrete  problems  it  is  frequently  not  necessary  to  retain  all  waves 
in  the  solution  of  (2.104).  An  especially  fruitful  means  of  the 
simplification  of  the  problem  here,  just  as  in  the  nonlinear  problem, 
is  the  preliminary  estimate  of  the  order  of  smallness  of  different 
terms  in  (2.103).  In  many  cases  quantity  M  can  be  examined  as  small 
Then,  in  the  solution  of  the  boundary  value  problem  of  the 
electrodynamics  of  a  nonstationary  medium,  in  any  case  for  not 
too  large  z(z  =  0,  as  earlier,  corresponds  to  the  boundary)  in 

(2.104)  it  is  possible  to  retain  only  the  first  two  combination 

frequencies  (co  +  ft;  w  -  ft)  and  reject  the  others  (their  amplitudes 

2  3 

have  an  order  of  u  ,  y  and  etc.). 

Then  the  solution  can  be  presented  in  the  form 

E(r,0  =  2  B(n)  <yz,  r)  exp  *> +  *<?)/  (2.105) 

n**—m 

(here  m  no  longer  exceeds  unity  and  two),  and  further  we  can  use  the 
method  of  derivation  and  analysis  of  truncated  equations  discussed 
in  §  3  of  this  chapter.  It  is  not  difficult  to  be  convinced  here 
that  in  a  spatial  uniform  periodically  nonstationary  medium,  the 
obtaining  of  stored  effects  (monotonic  change  in  complex  overall 
amplitudes)  in  general  is  impossible. 

Complex  amplitude  contains  the  phase  constant  of  the  wave. 
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Actually,  In  accordance  with  (2.103),  In  a  periodically 
nonstationary  medium  the  wave  of  the  field  of  the  form 

E(b)  =  A(B>  exp  i  [(&>  +  n 8)  /  —  k„  r] ,  (2.106) 

besides  the  wave  of  polarization  at  frequency  o>„  =  a+flS>*,  also 
excites  the  wave  of  polarization  at  combination  frequencies.  These 
waves  have  the  form: 

pa+B  („+n  „  fa  (a  +  ng)  A(n>  exp  i  [(to  +  nQ  -{-  2)/  —  k„  r]  -f 

+  complex  conjugate  (2.107) 

p.«+o<n— 1»  =  M(co-|-n2)A<',>exp»  (co-f  nQ  —  Q)t  —  k„r]  + 

+  complex  conjugate  (2.108) 

Here  Af (<o  +  nQ)=  j  A1  (/')  r dt'  —  Fourier-component  of  the  tensor  M. 

o 

From  (2.107)  and  (2.108)  it  follows  that  neither  in  the  medium  without 
dispersion  nor  in  the  medium  with  normal  dispersion  do  forced  waves 
of  polarization  have  a  resonance  effect  on  the  medium.  Actually, 
for  both  of  the  indicated  cases  cannot  be  simultaneously  fulfilled 
the  relations  kn_,  =krt;  kn+1»kn.  Therefore,  truncated  equations  for 
slowly  changing  amplitudes  will  contain  in  the  right  sides  oscillatory 
terms  of  the  form: 


®n— i  exp i  [( kn_, - k„) r] 

(e  -  unit  vector  characterizing,  as  earlier,  polarization  of  the 

Yl  /  \ 

wave  E'n'),  the  presence  of  which  prevents  the  appearance  of  stored 
effects.  In  particularity,  in  a  sufficiently  extended  peri  ically 
nonstationary  medium,  even  for  >  w  parametric  amplification 
proves  to  be  impossible  (in  application  to  the  periodically  transient 
plasma  this  is  shown  in  works  [122]-[123 })  • 

Another  situation  takes  place  in  the  case  when  the  periodically 
nonstationary  medium  is  simultaneously  and  spatially  nonuniform  and 
is  described  by  formula  (2.103a).  In  this  case  instead  of  (2.107) 
and  (2.108)  we  have: 
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~ (^a  +^«)rj  +  complex  conjugate 


(2.109) 


P“+a<n',)  =  M  (®  +  nQ)  A<n)  exp  i  [(to  +  nQ  -  Q)/  - 

-(K-K)*]  +  complex  conjugate  (2.110) 

If  k0  f kn  =  kn+t;  k„  — k2  =kn_,  waves  of  polarization  (2.109)  and  (2.110) 
have  on  the  medium  a  resonance  effect  and  thus  can  lead  to  stored 
effects . 

A  speciaD  case  of  such  resonance  interaction  is  the  case  of 
parametric  amplification  of  two  waves  examined  above  with  frequencies 
and  (02 1  which  satisfy  the  relationship  a>t  +  —  ©3  (in  designations 

of  formula  (2.104)  “i53®;  ®3  =  2).  At  the  same  time  in  a  medium  with 
parameters  variable  in  accordance  with  (2.103a)  more  complex  multiwave 
interactions  are  possible.  The  general  form  of  the  plane  wave  in 
the  medium  whose  properties  are  characterized  by  (2.103a)  is  given  by 
formula  [compare  (2.104)]: 

n*«4'**  »•  -  • 

E(r.0=  £  B<(,) (r) exp  1  [(to 4. nQ) /  —  nk8 r] .  (2.111) 

In  certain  cases  instead  of  (2.111)  another  notation  at  which  proves 
to  be  more  convenient  (the  complex  amplitude  is  in  the  form 
B(n)(r)  =  C(n;  e~‘rt ,  where  is  the  vector  constant.  Then  instead  of 

(2.111)  it  is  possible  to  write 

■  E(r,/)  =  exp/[ffl/  —  Tr]  £  C*"’  exp  in  [Q/~kar] .  (2.112) 

The  last  expression  is  the  result  of  Floquet  theorem  [125].  Actually, 
in  accordance  with  the  Floquet  theorem 

.JE.(r,  t)  -  exp  i  [orf  —  Tr]  •  (Qt  —  k2  r)  . 

and  the  sum  in  (2.112)  corresponds  to  the  expansion  of  function  <J> 
in  a  series  along  space  harmonics. 

The  general  solution  (2.112)  should  be  substituted  into  the 


Maxwell  equation;  then  from  the  condition  of  the  difference  from 
zero  of  constants  there  can  be  obtained  the  dispersion  equation, 

which  connects  quantities  f  and  co. 


Directing  the  wave  vector  k^  along  the  z  axis  and  assigning 
the  specific  form  of  polarization  of  the  incident  wave,  using 
(2.103a)  and  equations  (2.99),  we  can  record  for  the  nondispersive 
medium: 


•„+ ]E) . 


(2.113) 


Here  eQ  and  -  scalars. 


Substituting  (2.112)  into  (2.113),  we  arrive  at  an  infinite 
system  of  equations  of  the  form 


[)  v 


c»(r+/ua  x0f 


^  jf^jf  y  +  .C(n_+,)]  «=  0 . 


(2.114) 


Discussion  and  analysis  of  the  system  of  the  type  (2.114)  is  contained 
in  [126-130].  A  general  investigation  of  the  dispersion  equation 
of  the  medium  with  variable  parameters  proves  to  be  very  difficult. 

In  specific  problems,  however,  considerably  simplifications  are 
possible  which  are  based  on  the  fact  that  the  dispersion  character¬ 
istic  of  the  real  medium  allows  an  effective  interacts  n  of  only 
a  finite  number  of  waves.  Therefore,  the  infinite  system  (2.114) 
can  be  replaced  by  the  truncated  system;  with  this  the  order  of  the 
dispersion  equation  appears  finite.  Additional  simplifications  are 
obtained  taking  into  account  the  order  of  smallness  of  modulation 
percentage  of  parameters  of  the  medium  (usually,  'v  y). 


The  character  of  stored  effects  appearing  in  the  medium  with 
variable  parameters  depends  on  the  relationship  between  frequencies 
ft  and  w.  If  the  monotonic  change  in  amplitudes  should  be 

treated,  obviously,  as  a  stored  (with  distance)  effect  of  the 
modulation  of  the  high-frequency  wave  of  a  periodically  nonstatioaary 
medium  (by  the  field  of  the  low-frequency  side  wave). 
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An  example  of  such  a  situation  will  be  discussed  in  Chapter  V. 
Let  us  note  only  that  j t  is  more  convenient  to  describe  the  effect 
of  modulation  in  a  time  and  not  spectral  language.  Therefore,  here 
instead  of  (2.112)  in  certain  cases  it  is  expedient  to  look  for 
the  solution  in  the  form  of  a  wave  with  modulated  amplitude;  here 
instead  of  the  system  of  truncated  equations  in  ordinary  derivatives, 
one  should  examine  one  truncated  equation  in  partial  derivatives. 
Cases  a)  'v  ft  and  ft  >  to  correspond  to  conditions  of  parametric 
amplification  and  conversion  of  the  frequency.  Here  it  is  expedient 
to  examine  the  system  of  truncated  equations  recorded  for  complex 
amplitudes  of  different  spectral  components.  Of  course,  these  trun¬ 
cated  equations  can  be  equations  in  partial  derivatives;  with  such 
a  position  of  things  it  is  necessary  to  encounter  in  problems 
parametric  amplification  and  conversion  of  the  modulated  signals 
(see  Chapter  V) . 

§  5 •  Surface  Nonlinear  Interactions.  Reflection 
of  a  Plane  Electromagnetic  Wave 
from  the  Border  of  the 
Nonlinear  Medium 


5.1.  Formulation  of  the  Froblem 

In  the  preceding  paragraph,  with  the  classification  of  nonlinear 
interactions,  t ef orehand  we  were  assigned  values  of  amplitudes  and 
directions  ox’  wave  vectors  of  interacting  waves  on  the  border  of 
the  nonlinear  medium.  In  reality,  one  should  consider  amplitudes 
and  directions  of  wave  vectors  of  waves  falling  on  the  border  of 
the  nonlinear  medium  to  be  assigned.  Therefore,  with  strict  setting, 
examination  of  interactions  of  waves  in  the  nonlinear  medium  should 
be  preceded  by  the  investigation  of  regularities  of  the  reflection 
and  refraction  of  waves  on  its  border.  Here  there  appears,  thus, 
the  whole  range  of  problems  connected  with  the  generalization  of 
formulas  of  Fresnel  on  nonlinear  media.  It  is  important  to  stress  here 
that  inasmuch  as  on  the  border  of  the  nonlinear  medium  the  principle 
superposition  is  disrupted  in  the  generalization  of  Fresnel  formulas 
one  should  examine  not  only  cases  of  the  fall  of  monochromatic 
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waves  but  also  the  problem  about  the  interaction  of  waves  of  different 
frequencies  on  the  border  of  the  nonlinear  medium. 


A  strict  solution  of  the  indicated  problems  (we  will  subsequently 

call  them  problems  of  "surface  nonlinear  effects"),  .just  as  that 

which  took  place  for  problems  on  "volume"  nonlinear  interactions 

discussed  in  preceding  paragraphs,  proves  to  be  very  difficult. 

However,  for  the  most  practically  interesting  case  of  the  weakly 

nonlinear  and  weakly  absorbing  medium,  it  is  possible  to  develop  a 

comparatively  simple  method  of  analysis  of  surface  nonlinear  phenomena, 

which  are  based  on  the  approximation  of  the  assigned  field.  Actually, 

nonlinear  interactions,  which  determine  regularities  of  the  reflection 

and  refraction  of  waves,  occur,  obviously,  in  a  very  thin  boundary 

layer,  the  linear  dimensions  of  which  l  have  an  order  of  thickness 

rp 

of  several  atomic  layers  and  do  not  exceed,  in  any  case  the 
wavelengths.  Therefore,  in  a  weakly  nonlinear  medium  reactions  of 
harmonics  and  combination  frequencies,  which  appear  with  surface 
interactions,  on  generating  waves  can  deliberately  be  disregarded; 
the  last  circumstance  is,  as  was  already  indicated,  the  initial 
point  of  the  approximation  of  the  assigned  field. 


Below  we  will  illustrate,  following  basically  work  [131],  the 
indicated  method  in  the  example  of  the  problem  on  the  incidence  of 
a  plane  monochromatic  wave  on  the  surface  of  a  weakly  nonlinear 
quadratic  medium. 1 


Let  us  consider  the  half-space  filled  by  the  nondissipative 
quadratic  medium  whose  nonlinear  properties  are  described  by  the 
tensor  Let  us  assume  that  the  boundary  coincides  with 


Although,  in  principle,  an  analogous  problem  can  be  stated 
for  the  cubic  medium,  the  case  of  the  quadratic  medium  in  the 


problem  of  surface  interac 


\j  j.  vi  i  O 


is 


most  important . 


The  fact  is 


that  in  the  surface  layer  of  the  cubic  medium  the  potential  function 
is  no  longer  symmetric,  so  that  the  polarizability  of  this  layer 
is  described  no  longer  by  an  equation  of  the  type  (1.17a)  but  rather 
by  an  equation  of  the  type  (l.tfla);  the  nonlinear  polarizability  of 
the  surface  layer  of  the  cubic  medium  is  close  in  their  characteristics 
of  such  for  a  quadratic  medium  and  is  desoribed  by  a  tensor  of  the 
third,  and  not  the  fourth  rank.  .  (Experimental  confirmation  of  this 
fact  was  obtained  in  [ 31 3 ) • 
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plane  ,  y),  and  let  us  direct  the  z  axis  inside  the  nonlinear 
medium  (II)  (Fig.  2-2).  Let  us  assume  that  from  the  linear  isotropic 
medium  (I)  onto  the  boundary  at  angle  o|n')  to  the  normal  a  plane 
monochromatic  wave  is  incident.  The  electrical  and  magnetic  field 
of  the  incident  wave  have  the  form: 


E{n)  =eSn>.^n>-exp/((o/~k{n5r); 

H[B)  =  [  k{n)  e‘n)]  A[n)  exp  i  {«/  -  k!n>  r) . 

CO 


(2.115a) 

(2.115b) 


Fig.  2-2.  Location  of  vectors  in  the 
problem  on  the  reflection  of  a  plane  elec¬ 
tromagnetic  wave  from  the  boundary  of  the 
quadratic  medium:  I  -  linear  medium; 

II  -  nonlinear  medium;  -  denotes  that 
the  corresponding  vector  is  directed  along 
the  normal  to  the  plane  of  drawing;  a) 
location  of  vectors  for  waves  of  frequency 
o>;  b)  location  of  vectors  for  waves  of 
frequency  2m,  s’  -  edge  of  cubic  crystal. 


Subsequently  we  will  be  basically  interested  in  surface  nonlinear 
effects  in  optically  isotropic  crystals  of  the  class  T‘d  (precisely 
in  such  crystals  these  effects  are  studied  experimental  ly  in  the 
most  detail  of  all,  see  [202]  and  §  3  of  Chapter  VI).  At  the 
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same  time',  results  of  the  conducted  calculation,  as  one  will  see 
from  subsequent  computations,  after  a  certain  correction  can  be 
applied  to  anisotropic  crystals  of  the  class  D2d*  In  the  last  case 
we  will  assume  that  the  direction  of  vector  e|n)  is  selected  specially 
so  that  in  the  medium  one  refracted  (extraordinary  wave)  was  excited. 
We  will  consider  further  that  the  z'  axis  i.n  Pig.  2-2  is  directed 
alon;  one  of  the  edges  of  the  cubic  crystal  (or  along  the  optical 
axis  f  the  uniaxial  crystal). 

With  resolution  of  the  problem  on  the  reflection  of  the  wave 
from  the  boundary  of  a  weakly  nonlinear  medium,  the  sequence  of 
calculation  coincides  with  that  accepted  in  §£  1-3  of  this  chapter. 

^.2.  Zero  Approximation.  Reflection  from  the 
Border  of  the  Linear  Isotropic  Medium 

In  zero  p  =  0  approximation  the  problem  is  reduced  to  the 
investigation  of  the  reflection  of  the  wave  from  the  border  of 
the  linear  medium.  To  solve  it,  linear  Maxwell  equations  (1.1) 
and  the  condition  of  continuity  of  fields  on  the  border  should  be 
used.  For  harmonic  waves  of  the  form  (2.115)  equations  (1.1)  can 
be  recorded  in  the  form: 


<oH  =  c [kE] ;  gw(g>)E  «  —  c[kHj . 


(2.116) 


For  a  uniform  medium  without  losses  the  reflected  and  passing  waves 
are  plane.  Fields  of  passing  and  reflected  waves  can  be  presented 
in  the  form: 


•  Ei0***  =e i0^ exp i (a>t  —  ki<np>  r);  (2.117) 

Ef*  =  ef"p>  /il(0Tp,  exp  t(©<— ki0Ip)  r).  ( 2 . 118) 


and  corresponding  magnetic  fields  can  be  recorded  also  just  as  in 
(2.115).  All  vectors  e{n), e^,  e(0TP>  lie  in  one  plane  (see  Fig.  2-2). 
From  the  homogeneity  of  the  problem  in  plane  y)  it  directly 
follows  that: 


=  k\f  = 


(2.119) 


and,  consequently  (all  components  klu=Q  ) 


0jn)_0(°Tp); 


sln«{n> 


«r«») . 

y.  «(li)  <»>  ’ 


Afi»- 


sina‘nf> 

-ktV>' ;  Alip)  =  —  /«<")(«)— e(')(<o)  sin1  Qjn>. 


(2.120) 


(‘Here  eV,(0J)  and  C|H,(<o)  —  spectral  components  of  the  linear  dielectric 
constant  of  media  I  and  II,  which  correspond  to  the  assigned 
polarization  e(">  parallel  to  the  incidence  plane).  Relationships 
between  the  complex  amplitudes  of  the  incident,  reflected  and  past 
waves  can  be  set  from  conditions  of  continuity  of  tangential  com¬ 
ponents  of  fields  on  the  border.  For  the  selected  polarization  of 
the  incident  wave  these  conditions  should  be  recorded  for  components 
of  the  electrical  field  E,x  =ee/f.  and  magnetic  field  Hy  =  H=-^-kA. 

^li=—o  ~  :  o  =  £*U+o-  (2.121) 

Noting  that  in  accordance  with  (2.116),  Ex  =  '■ — equalities 

°  ■  ©•e(u) 

(2.121)  can  be  written  in  the  form: 


//(n>  -j.  //(OTp)  =  //<n p>  . 


.[«(“>- «(0Tp)  J  = 


'  *fip) 

ey>(o» 


(2.122) 


Solving  equations  (2.122),  we  arrive  at  Fresnel  formulas  for  the 
wave  of  the  chosen  polarization 

(2.123a) 
(2.123b) 

'4  8 


_ «S>(»)  Acn,. 

+ *<"'(«)  k\»\  V  e(,1!>(u)  1 ; 

e<t‘»  («)*<Fp>+e<I,>(co).ft{2>  ' 


From  formulas  (2.123)  there  can  be  calculated  the  linear  reflectivity 
of  the  medium  with  respect  to  power, 


tg1  [  9[np>  +  6i0>]  * 


(2.124) 


Similarly  there  can  he  obtained  formulas  of  Fresnel  and  for 
the  wave  polarized  perpendicular  to  the  plane  of  incidence.  For 
the  case  of  double  refracting  medium  and  geometry,  selected  in 
Fig.  2-2,  formulas  (2.120)  and  (2.124)  should  be  corrected;  here 
it  is  impossible  to  introduce  e^co)  (See  [38]). 

5-3.  First  Approximation.  The  Appearance  of 
Harmonics  in  the  Field  of  Reflected  Wave 

In  a  quadratic  medium  the  passing  wave  (2.117)  can  be  distorted, 
and,  consequently ,  the  spectrum  of  it  can  be  enriched  by  harmonics, 
2a),  3(o,  ...  (the  corresponding  fields  will  be  designated  Eg,  ...). 
The  full  field  in  the  transition  layer  of  a  weakly  nonlinear  medium 
can  obviously,  be  represented  in  the  form: 

E<rTp)  =  E{op)  ±  -f y  Eanp),+ :  •  •  (2.125) 

It  is  necessary  to  stress  that  here,  in  contrast  to  the  problem  on 
volume  nonlinear  interactions,  where  we  did  not  make,  in  general, 
assumptions  on  the  smallness  of  fields  of  harmonics  or  combination 
frequencies  but  proceeded  only  from  the  slowness  of  the  change  in 
them  in  space,  the  actual  fields  of  harmonics  can  be  considered 
small.  The  growth  of  the  order  of  smallness  with  the  number  of  the 
harmonic  for  surface  nonlinear  interactions  is  natura],  Inasmuch  as 
the  m-harmonic  appears  in  the  quadratic  medium  as  a  result  of  the 
nonlinear  interaction  of  the  (m  -  1 ^-harmonic  with  the  field  of  basic 
radiation.  In  the  first  approximation  E*‘,p>  =  E{np->  +  nE^np),  and  calcula¬ 
tion  of  the  characteristic  of  wave  E2np)  can  be  conducted  in  the 
approximation  of  the  assigned  field  with  the  help  of  the  following 
equations : 
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(2.126a) 


where 


rotE?p) 


i  a/4np) 

c  dt  ’ 


rotMnp)=^-^-  +  -i“  p’“ 

■  c  .  #*  c  Si1  * 


(2.126b) 


P2“  =  %einp)  •eJnPi‘[i4<1nP>]J  exp  i  [2od  —  kp  f]  = 
=  p  P2*  exp  /  [2u/ —  kp  r] . 


(2.127) 


The  general  solution  of  equations  (2.126)  is  the  superposition  of 
two  waves  of  the  frequency  2w  -  natural  and  forced  [see  (1.21), 
(1.22)  and  (2.96)],  the  wave  vectors  and  polari2ation  of  which  are 
determined  by  polarization  p  and  wave  vector  k  compelling  wave  of 

H 

nonlinear  polarization  (2.127)  and  by  boundary  conditions. 


In  accordance  with  (l.IJ5)3  kp=2  kji11;  the  direction  of  vector  p 

can  be  defined  by  well-known  properties  of  the  tensor  of  nonlinear 

polarizability  x  i  (see  §  7  of  Chapter  1)  and  assigned  polarization 
/_  \  mntn 

of  wave  p  .  Inasmuch  as  the  general  properties  of  symmetry  of 
the  tensor  Xmnmt  are  determined  by  properties  of  symmetry  of  the 
crystal,  along  with  the  system  of  coordinates  introduced  in  Fig.  2-2, 
it  is  expedient  to  introduce  also  one  more  system  of  Cartesian 
coordinates  whose  position  of  the  axes  is  determined  by  the  position 
of  the  axes  of  symmetry. 


Let  us  consider  as  an  example  a  crystal  of  the  T ^  type;  as 
was  already  indicated  in  Chapter  I,  crystals  of  this  type  allow 
existence  of  tensor  x. •  Let  us  introduce  the  system  of  coordinates 
x' ,  y'  and  z'  connected  with  three  axes  of  the  cube.  Noting  that 
according  to  conditions  of  the  problem  vectors  ij,.  k|nP>  and  e{np> 
lie  in  one  plane  for  components  of  vector  e(inp>  along  axes  x' ,  y'  and 
z ' >  we  have : 


~  —  cos0cos<p; 
**  —  cos  9  sin  if ; 
=  sin6t 


(2.128a) 

(2.128b) 

(2.128c) 
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'-tX^V'l'  .-n^" 


>. 


where  0  -  angle  between  the  beam  vector  sj°p>  and  axis  z'j  and  <p  the 
angle  between  projections  of  vector  s^p  on  plane  x1  and  y  1  counted 
off  from  the  x 1  axis.  In  accordance  with  data  of  paragraph  20, 

§  7  Chapter  I,  for  crystals  of  the  class  T ^  only  components  Xz-.y'S'  V.*v. 
and  X*',yv'  are  different  from  zero.  Therefore,  components  of  vector 
P^w  in  axes  a;',  y'  and  z'  are  equal  to: 


f?-)  =  — j  Xx"y'*'  *  [^iop)]2sin20-sin(p; 
/>u.«>  =  — 1.  xpx'X .  ^4j»p)]*sin  20cps  <p  *r 
"  Y  $>.*'  *  [^i°p)JJ  cos?  0  sin  2<p . 


(2.129a) 

(2.129b) 

(2.129c) 


Let  us  note  that  these  components  have  the  same  form  for  a 
crystal  of  the  type  and  geometry  of  Pig.  2-2. 

9/ . 

Thus,  vector  P  in  the  examined  example  has  components  which 
are  both  parallel  and  perpendicular  to  planes  *0,  Mnp)-  Let  us  assume 
that  axis  y 1  coincides  with  axis  y  (q>=*’0).  Then  p  =  yQ,  the  wave  of 
the  nonlinear  polarization,  is  transverse  and  excites  waves  in  the 
medium  at  a  frequency  2w  (see  Pig.  2-2b), 

Field  in  the  medium  can  be  represented  in  the  form: 


+  y»* 


8«a* 

e* 


E?rt  -  e$np)  ^np)  exp  /  -  k^  r)  + 

sin  26-  f^P*]3 


-J- 

Xy'.x'.^ 


-expf(2o5/  —  kpr] , 


(2.130a) 


and  the  cr -."responding  magnetic  field: 


M°P>  -  ~  [  k£np)  e£np>]  Alph  exp  i(2ai  —  k jnp)  r)  + 

<  ry  1  <  Xy?  S' ,» •  »to  [ ^l(*p)]2 exp  l  (2 ai  —  ltp  r) 

p  2e>  ’  e*  '•  k*-[l4«p>ja  ■ 


(2.130b) 
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Waves  (2.130)  can  satisfy  the  boundary  conditions  only  in  the 
case  when  in  the  vacuum  there  propagates  plane  wave  of  the  form 

I6fti!>  =  e^T?)  •  y^0Tp) exp —  r)  (2.131) 


(where  in  virtue  of  the  selection  of  angle  $  made  above,  vectors  •e£0,<,>, 
ey  and  yQ  are  parallel).  The  latter  means  that  the  appearance  of 
the  wave  of  nonlinear  polarization  (2.127)  in  the  medium  should 
inevitably  lead  to  excitation  of  the  second  harmonic  not  only  in  the 
field  of  the  refracted  wave  but  also  in  the  field  of  the  reflected 
wave. 

The  direction  of  wave  vectors  kj0Tp)  and  kjnp)  and  amplitudes  of 
reflected  and  refracted  waves  of  the  second  harmonic  will  be  deter¬ 
mined  from  boundary  conditions.  Thus,  just  as  in  the  zero  api  roxima- 
tion  (see  (2.119)),  for  components  of  wave  vectors  along  the  x  axis 
we  have: 

<k£f)=kgv)  =  k(lX='lk&  (2.132) 


(in  accordance  with  the  geometry  selected  in  Pig.  2-2,  all  =  0). 

Using  (2.132),  one  can  determine  angles  6i£"p)  and  8^0Tp)-  Consider¬ 
ing  (2.120),  we  have: 


jin8jnp)  By>(U) 


■■  !/■,<»  >(2«) 

sirieH  -  sin  0(">  f 

.  '  V  e^(2o>) 


(2.133) 

(2.13^0 


Prom  (2.133)  it  follows  that  in  general  the  direction  of  the 
wave  vector  of  the  natural  wave  of  the  second  harmonic  in  a  non¬ 
linear  medium  differs  from  the  direction  of  the  wave  vector  of  the 
refracted  wave  of  the  main  frequency  and,  consequently,  and  wave  of 
nonlinear  polarization;  0inp)  =  8^n|>>  only  when  •®tJ.,)(2o>)  =  8<|,,)(<o).  The 
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relationship  between  the  angle  of  incidence  0\n>  and  the  angle  $*** 
characterizing  the  direction  of  the  wave  vector  of  the  second  har¬ 
monic,  radiated  in  the  linear  medium,  depends,  as  follows  from 
(2.13*0,  on  the  dispersion  properties  of  the  latter.  In  particular, 
if  the  linear  medium  is  nondispersive,  the  "reflected  wave"  of  the 
second  harmonic  propagates  in  the  same  direction  as  does  the 
reflect?!  wave  of  the  main  frequency. 

For  waves  polarised  perpendicular  to  the  plane  of  incidence, 

the  relationships  between  amplitudes  can  be  established  from  the 

condition  of  continuity  on  the  boundary  of  components  B  =  E  and  H  . 

y  x 

^il—4-0  *“  ^!t— 0  *.  X— fO  ^  •  (2.135) 


From  the  first  condition  of  (2.135),  designating  *sin29 X 

X  [i4{np>  ]3< ,  we  have : 


.  Apt)  =  Ap)  .+ 


’  .  taP3* 

•2'*  (2©)— ej,,)(«) 


(2.136) 


From  the  second  condition  of  (2.135),  using  relation  (2.116),  we 
have : 


Y el0  (2m)  cos6$”r>  ==  At? p>  Y el10  (2©)cosOJ"p>  -f 
4«P2J‘ ' 


+ 


i2,)(2tf)—ey,)  (u) 


•  Y  cy'Km)  cos0}"P> . 


(2.137) 


From  (2.136)  and  (2.137)  for  /!^0Tp)  we  have: 


^tOTp) 


X 


v  Y  el,l>  (2m) cos  —  Y-  *<i"  (“)  cos  ®(sp> 

/\  r  r~~  -  r_  .  _  .  — ■  —■  >  '■ 

Y  &21*  (2m)  cos  #|Dp)  -f-  V  «2>  (2a>)  cos  02(aTp) 


(2.138) 
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or,  multiplying  the  numerator  and  denominator  by  (2m)  cos  O^p* -f- 

+  Y  e*,10 («)  cos0<nP>  and  noting  that  according  to  (2.133) 

e  il!>  (2o>)  cos*  8|n p>  - ey»  (a)  cos*  Gf'pJ  =  e<Al!>  (2a)  —  e <••>  (a) ,  (2.139) 

we  arrive  at  formula : 


4itP*“  . 


^orp)  =:  :  _ - - . - - 

x[/  «<A">  (2w)  cos  flJnP>  +V  •i,»  (2a)  cos  0!jO,P>  ] 

•  ,  *  l  .  ‘  . 

X _ i _ -_J—  - . - . 

[K  i^!  (2m)  cos  0fP>  +  Y  (“>)  cos  ®i(op> 


(2.140) 


The  amplitude  of  the  passing  wave  can  be  directly  calculated  from 
(2.136)  and  (2.140). 

Let  us  note,  first  of  all,  that  if  the  amplitude  of  the  passing 
wave,  as  can  be  seen  from  (2.136),  depends  on  the  relationship  of 
dielectric  constants  ein)(2a)  and  8<|,l>(©)  (when  8<">(2a)  =  ej’^a)  the  wave  of 
nonlinear  polarization  has  a  resonance  effect  on  the  medium,  and 
stored  effects  are  possible),  the  resonance  term  of  the  form 
[e<">(2u)  —  e^K©)]"1  >  ln  general,  does  not  enter  into  expression  (2.140). 

Using  (2.140)  and  (2.123a),  it  is  possible  to  introduce  the 
"nonlinear"  reflectivity  of  the  quadratic  medium  which  char¬ 

acterizes  the  relationship  of  energy  fluxes  of  the  incident  wave  of 
basic  radiation  and  "reflected"  wave  of  the  second  harmonic. 


V  »0>(2m)  cos  .  |  E^l2 
Y  »j>  («)  cos •  |E(n,[: 


(2.141) 


lri?he  last  circumstance  can  have  a  definite  interest  for  the 
creation  of  nonlinear  optical  devices  using  skin  effects. 


In  order  of  magnitude 


/?(«)  —  [  x»-  y|J“)]a 


(2.142) 


For  the  crystal  KDF  Xqiq  =  3*10  ^  CGSE  (see  C ^ 1] ) >  and  with  a  field  of 

'v-lO  V/cm  the  relative  intensity  of  the  second  harmonic,  appearing 

^12 
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on  the  border  of  the  nonlinear  medium,  comprises  ^10  AC'  of  the 
intensity  of  the  basic  wave.  For  the  crystal  GaAs  x -^3  =  2.6*10 

CGSE  (see  [180])  and  under  those  same  conditions  R^Hn^  £  10""^. 
Expression  (2.140)  permits  analyzing  the  angular  structure  of  the 
"reflected"  wave  of  the  second  harmonic;  let  us  note  only  that  in 
the  investigation  with  the  help  of  (2.140)  the  dependence  of  Alp** 
on  0in  should  be  considered  a  great  dep  jndence  of  components  of  the 
vector  of  nonlinear  polarization  P  on  the  angle  of  incidence  of 
the  wave  of  the  main  frequency  (see  (2.129)). 


For  surface  nonlinear  interactions,  in  exactly  the  same  way  as 
for  the  volume  interactions,  of  course,  the  general  energy  relations 
of  the  type  (2.42)— (2.43)  are  fulfilled;  however,  for  their  deriva¬ 
tion  it  is  impossible  to  use  the  approximation  of  the  assigned  field. 


Although  the  example  examined  in  this  paragraph  is  one  of  the 
simplest,  it  visually  illustrates  the  method  of  resolution  of 
problems  on  surface  nonlinear  interactions  in  the  approximation  of 
the  assigned  field.  In  the  end,  calculation  of  the  field  of 
"reflected"  waves  on  combination  frequencies  in  the  linear  medium  is 
reduced  to  the  problem  on  radiation  of  the  assigned  wa/e  of  polariza¬ 
tion  P2^,  or  in  a  more  general  case,  P’'11*’’  }  which  propagates  in  the 
nonlinear  medium.  Above  we  examined  the  case  when  the  vector  of 
the  nonlinear  polarization  is  perpendicular  to  the  incidence  plane 
(only  one  component  P1*  was  considered).  For  an  analysis  of  the 
general  case,  it  follows  to  examine  still  the  problem  for  which  the 
vector  of  nonlinear  polarization  lies  in  the  incidence  plane  (P?  “0; 

«*•  o).  Xn  this  case  vectors  e£0IP>  and  <^np)  also  lie  in  the  incidence 

plane.  Relationships  between  amplitudes  ^ioVp)  ,  A$Tf)  and  can  be  set 
if  one  were  to  use  boundary  conditions  of  the  type  (2.121). 
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Space-Time  Analogy  in  the  Theory 


of  Nonlinear  Systems 


The  application  of  methods  of  approximation  of  the  theory  of 
oscillations  of  nonlinear  systems  with  concentrated  constants  to 
the  investigation  of  wave  processes  in  nonlinear  dispersive  media 
permits  many  problems  on  nonlinear  waves  to  establish  the  time 
problems-analogies  in  correspondence. 


Actually,  the  truncated  equations  describing  the  propagation 
a^.d  Interaction  n  of  the  unmodulated  waves  are  the  system  n  of 
ordinary  differential  first-order  equations  for  complex  amplitudes. 
A  system  of  precisely  the  same  type  describes  oscillations  in  a 
weakly  nonlinear  oscillatory  system  with  n-degrees  of  freedom.  Let 
xs  turn,  for  example,  to  the  problem  on  the  propagation  of  an 
unmodulated  wave  in  a  linear  dissipative  medium,  examined  in  S  2  of 
this  chapter.  In  accordance  with  (2.20)  the  change  in  the  complex 
amplitude  A  in  space  is  described  by  the  truncated  equation: 


—  M  =  0,  where 


A 

2mtae 

a  a 

e1*  cos  ks-cos  I*o 


(2.143) 


It  is  easy  to  be  convinced  that  precisely  the  same  structure  is 
seen  in  the  truncated  equation  describing  the  process  of  the  change 
in  time  of  amplitude  of  free  oscillations  in  the  resonator.  Actu¬ 
ally,  let  us  examine  the  equation  of  the  linear  oscillatory  circuit 
close  to  the  conservative.  The  equation  of  such  a  circuit  has  the 
form 

x  -f  26t'x  +  coo  x  as  0.  ( 2 . 1 4  4 ) 

If  »/■ — (*•  (p  as  previously  the  small  parameter),  the  solution  of 

(2.14*0  in  the  first  approximation  can  be  sought  in  the  form 

x»/l(|^)exp/  Substituting  this  solution  into  (2.144)  and  rejecting 

2 

terms  ^p  ,  we  arrive  at  the  equation: 
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(2.145) 


coinciding  according  to  the  formula  with  (2.143);  the  process  of  the 
change  with  time  of  the  amplitude  of  free  oscillations  in  the  reso¬ 
nator  close  to  the  conservative  occurs  in  exactly  the  same  way  as 
the  change  In  space  of  the  amplitude  of  the  harmonic  wave  propagating 
in  a  weakly  absorbing  medium.1  Comparing  (2.143)  and  (2.145),  it 
is  possible  to  establish  tne  direct  connection  between  variables  and 
parameters  in  problems  -  analogs.  The  independent  variable  t  in  the 
time  problem  corresponds  to  coordinate  z  in  space,  frequency  w  —  wave 
number  k,  initial  conditions  in  the  time  problem  —  boundary  value 
problems  in  space.  The  analogy  can  be  widespread  on  nonuniform 
problems:  forced  oscillations  in  the  time  problem  correspond  to 

effected  side  fields  to  forced  waves  (see  formulas  (2.92)-(2. 86)  in 
space.  What  has  been  said  pertains  equally  to  nonlinear  problems. 

The  boundary  value  problem  on  the  generation  of  the  second  harmonic 
in  a  dispersive  medium,  described  by  equations  (2.39)  when  to1  =  «2  = 

=  a)  and  =  2w,  can  be  established  in  correspondence  to  the  problem 
on  free  oscillations  in  a  two-circuit  system,  the  resonators  of  which 
are  tuned  to  frequencies  w  and  2w  and  are  connected  by  che  nonlinear 
reactive  element.  Let  us  note  that  the  latter  was  examined  as  long 
ago  as  in  the  1930's  by  A.  A.  Whitt  and  G.  S.  Gorelik  [136]. 

The  list  of  nonlinear  analog-problems  can  easily  be  expanded. 

What  has  been  said,  however,  denotes  that  in  the  theory  of 
nonlinear  oscillations  of  systems  with  concentrated  constants  already 
there  are  contained  solutions  of  all  problems  appearing  in  the  theory 
of  nonlinear  waves  in  dispersive  media.  First,  nonlinear  wave 
problems  in  general  are  considerably  more  diverse  than  the  oscilla¬ 
tory  (see  below).  But  this  is  not  the  only  matter.  The  mist 
interesting  practically,  in  nonlinear  optics,  for  example,  are 
boundary  value  problems.  Their  analogs  are,  in  virtue  of  that 

JLet  us  note  that  the  space-time  analogy  for  linear  systems 
was  examined  in  works  of  P.  Ye.  Krasnushkin  [210]. 
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mentioned  above,  problems  on  transition  processes  in  systems  with 
concentrated  constants.  However,  the  independent  interest  of  the 
latter,  as  a  rule,  is  small  and  therefore  in  the  theory  of  nonlinear 
oscillations  the  main  attention  is  given  to  forced  oscillations. 

In  connection  with  this  it  follows  to  indicate  the  distinction 
between  the  energy  relationships,  which  usually  occur  in  the  theory 
of  nonlinear  waves  in  dielectrics  [see,  for  example  (2.43)  and 
(2.57)]  and  in  the  theory  of  nonlinear  oscillations  of  systems  with 
reactive  nonlinearity.  In  the  last  case  usually  we  are  interested 
in  the  distribution  of  energy  with  respect  to  frequencies  in  con¬ 
ditions  of  stationary  forced  oscillations;  therefore,  here  relations 
of  the  type  (2,57)  take  place  not  for  increases  but  for  total 
energies  corresponding  to  different  oscillations  (see,  for  example, 
[104],  [107]).  Distributed  energies  of  forced  oscillations  in  the 
steady-state  operation  does  not  depend  on  initial  conditions.  It 
is  necessary  to  consider  also  that  stationary  waves,  the  existence 
of  which  appears  possible  with  a  special  form  of  the  selected 
boundary  conditions  [see,  for  example  (2.72)],  are  not  of  course, 
analogs  of  the  stationary  forced  oscillations. 

The  role  of  the  dispersion  characteristic  of  the  medium,  the 
analysis  of  properties  of  which  permits  in  a  nonlinear  spatial 
problem  determining  waves  essentially  participating  in  the  process 
of  nonlinear  interaction,  in  the  temporal  problem  is  played  by  the 
resonance  characteristic  of  the  oscillatory  system.  Here  it  is 
possible  to  be  limited  to  calculation  of  oscillations  of  only  those 
frequencies  for  which  the  resistance  of  the  oscillatory  system  is 
not  too  small,  i.e.,  for  which  the  system  reveals  notioeable  resonance 
properties . 

Within  the  bounds  of  the  indicated  space-time  analogy  it  is 
natural  to  treat  the  appearance  of  growing  waves  in  the  nonlinear 
medium  as  ''instability  in  space."1  With  this  the  regions  of 


‘In  the  theory  of  plasma  waves  the  term  "convection  instability" 
is  also  accepted  [135];  "instability  with  time"  is  then  called 
"absolute"  instability. 
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instability  in  space  for  the  system  of  ordinary  differential  equa¬ 
tions  of  the  type,  for  example,  of  equations  (2.60)  can  be  found 
with  the  help  of  the  usual  criteria  of  stability,  developed  in  detail 
in  the  theory  of  oscillations.  Such  an  approach  proves  to  be  very 
effective,  for  example,  in  the  theory  of  parametric  amplifiers  of 
the  traveling  wave  (see  [133,  13*0,  and  also  Chapter  IV  of  this 
book).  Prom  this  point  of  view  the  parametric  amplifier  of  the 
traveling  wave  is,  obviously,  a  spatial  analog  of  the  parametric 
generator  with  concentrated  constants.  The  space-time  analogy  can 
appear  useful  in  the  search  for  new  nonlinear  effects  in  optics, 
since  it  permits  setting  in  conformity  the  nonlinear  waveguide 
analogy-systems  with  concentrated  constants  studied  thoroughly  in 
radio  physics.  In  proceeding  in  this  way,  it  is  possible  to  con¬ 
struct,  for  example,  a  wave  analog  of  the  phenomenon  of  the  forcing 
of  oscillations,  which  plays  a  very  important  role  in  radio  engineer¬ 
ing  of  systems  with  concentrated  constants.  The  wave  analog  of  the 
forcing  is,  obviously,  the  change  in  phase  speed  of  the  wave  prop¬ 
agating  in  the  medium  with  dissipative  nonlinearity,  which  is 
connected  with  the  effect  on  the  medium  of  the  external  field.  . 
Examples  of  a  similar  type  can  be  multiplied:  it  is  possible  to 
construct,  in  any  case,  theoretically,  wave  analogies  of  such 
oscillatory  phenomena  as  the  mutual  synchronization,  asynchronous 
interactions  and  so  forth.  At  the  same  time,  on  the  path  of  their 
experimental  realization  considerable  difficulties  can  be  encountered. 
The  use  of  the  space-time  analogy  proves  6°  be  very  useful  not  only 
in  examining  the  dynamic  but  also  the  statistical  wave  problems. 

For  example,  problems  on  the  influence  of  side  fluctuating  forces  on 
the  course  of  nonlinear  interactions  in  dispersive  media  have 
much  in  common  with  problems  on  the  influence  of  fluctuations  on 
nonlinear  oscillations  in  systems  with  concentrated  constants.  In 
particular,  in  the  investigation  of  equations  of  type  (2.86)  and 
(2.91)  for  those  cases  when  force  I (£,  r)  is  accidental,  methods  and 
results  of  works  on  fluctuating  phenomena  in  self-oi.  dilation  systems 
with  concentrated  constants  prove  to  be  very  useful  (see,  for  example, 
[137,  138,  56]). 


In  conclusion  one  should  once  again  stress  that  everything 
which  has  been  said  pertained  to  wave  problems  on  the  propagation 
and  interaction  of  unmodulated  waves  moving  in  one  direction. 

In  the  general  case  the  nonlinear  waveguide  problems  are  much 
more  numerous  than  the  oscillatory;  the  latter  is  connected  with 
the  fact  that  in  waveguide  problems  there  are  two  independent 
variables  ( t  and  r),  and  independent  variable  r  can  be  both  increased 
and  decreased  (in  interactions  both  direct  and  backward  waves  can 
take  part). 

As  the  simplest  example  of  the  problem,  which  does  not  have  a 
direct  analog  in  the  theory  of  oscillations  of  systems  with  con¬ 
centrated  constants,  it  is  possible  to  indicate,  for  example,  the 
problem  on  the  propagation  of  a  modulated  wave  in  slightly  absorbing 
linear  medium  [see  equation  (2.30)].  The  indicated  equation  should 
be  solved  with  the  boundary  condition,  set  at  z  =  0  and  having  the 
form  A  (n/,0)=i4a(iif).  i.e.,  with  the  boundary  condition  dependent  on 
t'^e  small  parameter.  In  the  theory  of  free  oscillations  of  systems 
with  concentrated  constants  such  a  situation  is  impossible. 

§  7 •  Generalized  Truncated  Equations  and  Laws 
of  Conservations  for  the  Nonlinear 
Medium  with  Temporal  and 
Spatial  Dispersion1 

Although  the  truncated  equations  derived  in  §§  2-3  of  this 
chapter  permit  solving  the  majority  of  problems  appearing  in  the 
electrodynamics  of  the  weakly  nonlinear  dispersive  medium,  in 
certain  cases  there  is  interest  in  their  generalization  in  the  case 
of  the  medium  with  spatial  dispersion  and  fields  somewhat  more  than 
that  o.f  the  general  form.  Such  generalization  is  the  subject  of 
this  section. 

We  will  assume  that  the  medium  is  spatially  uniform.  This 
means  that  parameters  entering  into  the  expression  for  the  vector 


lYu.  L.  Klimontovich  wrote  §  7. 
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of  polarization  of  the  medium  do  not  depend  on  the  coordinates. 
Furthermore,  just  as  in  §§  1-6  of  Chapter  I,  we  consider  that 
parameters  of  the  medium  clearly  do  not  depend  on  time,  i.e.,  a 
temporal  homogeneity  takes  place. 

Under  these  conditions  the  expression  for  the  vector  of 
electrical  induction 


D(r,0=E(r,/)  +  4«P(r,/) 

can  be  written  in  the  form: 


Di(r'i)  —  {dtt  fdtyi/ivOEitf — — ij)  + 


+j  J  dT*fdrxf**X</*  (ti,t!(1r11r1)£i(/— r^,  r— r,)-£*(/  — t,— r„r- 


ri  ~  U)  +  j  dr,  j  dr,J  dr,  j  dr,  j“  dr,  j  dr,  X ' 


fl//«(*i.  T»»  iji  r,,  r,)  •  E/{t — Tj,  r—rlj’Ek(t—xl— r„  r—  r,  —  r,) 
X  E|  (/ — r, — r, — r„r — r, — r, — r,). '  ■ 


(2.146) 


From  the  twice  repeated  indices  summation  is  assumed. 

When  X</*=0  and  0y*,  =0,.  hence  we  will  obtain  the  well-known 
expression  for  the  vector  of  induction  of  the  linear  medium  [149]. 


Expressions  given  in  the  introduction  of  §§  5-6  neglecting 
the  spatial  dispersion,  follow  from  (2.146)  under  conditions 


/  (t,  r)  =  ,  (x)  - 

Xi!k(r,f',r,r')  =  xu»(r,x ')•  <1(04(0 


(2.147) 


etc . 
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There  appears  the  question  as  to  what  measure  expression 
(2.146),  correct  for  the  spatial  uniform  medium,  can  be  used  for 
crystals.  In  fact  the  crystals  are  not  spatially  uniform,  since 
ttice  points  are  equivalent  to  remaining  points  of  the  crystal. 

Expressions  (2.146)  can  be  used  for  the  crystal  only  in  the 
case  of  a  weak  spatial  dispersion.  This  takes  place  if  the  wave¬ 
length  is  much  greater  than  the  lattice  constant  a,  i.e.,  a/X  <<  1. 
For  the  optical  range  this  condition  is  well  fulfilled.  (For  more 
detail  on  this  see,  for  example,  the  survey  of  V.  M.  Agranovich 
and  V.  L.  Ginzburg  [150]). 

In  the  case  of  weak  spatial  dispersion,  the  tensor  e/y(®)  can 
be  presented  in  the  form  (see  also  [l49]-[150]) : 


*il  (®» k)  =  (®)  +  hnk  (‘‘•'Mt .+  •  (2.148) 


Tensor  Yiy*  is  different  from  zero  only  in  the  optically  active 
crystals.  Conditions  of  symmetry  of  tensors  «//»(“*)  Y/y*(0>)  and  a/ytiM 
are  determined  by  relations  resulting  from  the  condition  of  symmetry 
of  the  full  tensor  t,j (<»*.  k)  (t,j (a,.  k)=ey/  k) 


*17  “  *n*  YO*  ~ — Y/«»  o</*: 5=3 

We  will  assume  that  the  term,  containing  Yj/a  hq.s  the  same  order  of 
magnitude  as  does  the  imaginary  part  of  the  tensor  «//(“),  i.e.,  the 
order  y.  Therefore,  in  it  dissipation  can  be  disregarded.  Under 
this  condition  tensor  Y //a  is  real. 

Tensor  ew(®,  k)-  can  be  presented  in  the  form: 

«„  («.  k)  -  (® ,  k)  +  it],  (®.k),  (2.149) 


where  t],  and  e'  -  real  and  imaginary  parts  of  the  tensor  e<;. 
For  the  crystal 
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k)  "4*  *// W  —  k); 

*J/(®»k)  ~  8i/(<D)H"  Yijk(t0)’^k'"'^-  (2.149a) 

Below  we  will  examine  the  general  formulas  correct  for  any 
media]  therefore,  subsequently  we  will  use  formula  (2.149),  not 
assuming  that  «'/;  and  e’/t  are  determined  by  formulas  (2.149a).1 

Let  us  note  still  that  due  to  the  smallness  of  the  spatial 
dispersion  in  crystals,  it  can  be  disregarded,  in  nonlinear  terms 
of  formula  (2.146),  i.e.,  consider  that  tensors  X/y*  and  0,y«  depend 
only  on  frequency  arguments. 

Instead  of  equation  (2.2)  for  E,  here  we  will  use  directly  the 
system  of  Maxwell  equations: 

rot.H  =■  “  1  (r, t),  divH  =.0;  (2.150) 

rotE  = — div D  =  \nq (r, t)  (2.153) 

I,  q  —  densities  of  side  currents  and  charges. 

In  combination  with  expression  (2.146),  the  system  (2.150, 
2.151)  is  closed. 

In  accordance  with  that  said  in  §§  1-2  of  this  chapter  and 
introduction,  we  will  assume  that  the  spatially  temporal  process  is 
characterized  by  rapid  and  slow  changes  of  all  functions,  and  we 
will  present  fields  E  and  H  in  the  form 

E (r,t)  =  E  (y/, jtr, t, r);  H(r,f)  =  H  (y/,  yr,  f ,  r),  (2.152) 

where  y  —  small  parameter,  **,  if  —  rapid  variables. 


‘For  the  contemporary  state  of  linear  crystalloptics ,  taking 
into  account  spatial  dispersion,  see  [213],  [150],  [214],  [215]. 
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Let  us  produce  decomposition  into  the  Fourier  integral  accord¬ 
ing  to  variables 


=  Jrfto  JdkE(n/,nr,o),k)c“<<'”'“,ir>, .  (2.153) 

H(n/,nr,/,r)=-^~-fd6)  J  dk-H(p/,|ir,®lk)e"'(“'“kr>.'  ’  (2.15*0 


In  these  formulas  the  Fourier-components  are  themselves  slow 
functions  of  coordinates  and  time.  Such  decompositions  are  expe¬ 
dient  ,  if  spectral  functions  are  different  from  zero  only  at 
sufficiently  great  values  of  to  and  k,  i.e.,  there  should  exist  tomin 
and  k  .  ,  which  satisfy  for  example,  conditions 

Ttl'lYi 


dE  , 
aj it ' 


■  ^mln^  ^ 


(2.155) 


Let  us  obtain  equations  for  slowly  changing  functions  E(p/,  p’r,  w,  k);' 
H(|i/,  nr,  w.  k )  (truncated  equations).  For  this  at  first  let  us  find 
the  expression  for  function  pr.'w,  k).' 

Just  as  everywhere,  in  this  book  we  will  consider  that  non¬ 
linear  terms  in  expressions  (2.1*16)  have  the  order  p,  and  we  will 
present  D  in  the  form  of  two  parts 


D  =  D(-,)+D(,u,l  (2.156) 

which  correspond  to  the  linear  and  nonlinear  parts. 

Let  us  write  functions  and  d^h;1^  in  the  form  of  (2.153) • 

Since  the  nonlinear  terms  have  the  order  p,  then  in  obtaining  the 
expression  for  D(M,'(|i/,  pr,  o>,  k)  correct  to  p  we  are  not  able  to  con¬ 
sider  in  (2.1*16)  the  dependence  of  field  E  on  slow  variables.  As 
a  result,  from  (2.1*16)  we  will  obtain  the  following  expression  (in 
order  not  to  .limit  community  let  us  hold  arguments  k  at  tensors  x 
and  0) 
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m  • 

D\M)  (W.  nr,  to,  k)  =  J  rfto'dkx,/*  (®*  &.<*>'.  k')  X 

X  £/  (<o  —  k — k')  •  £*  («',  k')  + 

,,;+,wj ‘^'dioWe^Xo^kWk^- 

<w»M 

X  £,<«  k  -  k')-£4(to'  -  o*.  k'  -  k')-£i«  k*j 


(2.157) 


Here 


X//*(«.k>to,,k,)> 


"J‘ rfr/f  dt,  fdrtdrtXil>  (r1,ti,^1,r1)e“, 


(2.158) 


and  similarly  there  can  be  obtained  the  formula  for  Sy«. 

In  order  to  obtain  the  expression  for  Dw  (i it,  nr,  a,  k),  we  will 
substitute  into  (2.146)  decomposition  (2.153)  in  functions  of  the 
form:  Ej  (ft  (/  — t!),  , n(r— n),  ©,  k),  expand  in  series  with  respect  to  t1 
and  r1  and  limit  ourselves  to  linear  terms.  As  a  result  we  will 
obtain  the  following  expression: 


(2.159) 


Using  expressions  (2.157,  2.159),  we  will  find  the  expression 
for  the  Fourier- component  of  function  c?D(r, t)!dt • 


- to<DW  +  <2' l60> 


Thus,  in  expression  (2.160)  we  are  limited  only  to  terms  'vp  and 
reject  terms  of  a  higher  order  of  smallness  with  respect  to  p.  As 
was  noted  in  §  2  of  this  chapter,  rejected  terms  in  certain  cases 
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can  appear  essential.  The  necessary  refinements  of  the  method  of 
successive  approximations  in  these  cases  are  analogous  to  those 
developed  in  the  theory  of  nonlinear  oscillations  (see  [533  5  [543  > 
and  also  §  2  of  this  chapter,  where  these  methods  were  used  in  the 
conclusion  of  truncated  equations  of  the  anisotropic  medium). 


From  (2.157,  2.159)  in  a  zero  and  first  approximation  with 
respect  to  y  we  will  obtain  the  following  expression: 


-f-  «ey(®,  k)E;  (y/,  yf,  a,  k)—  toD™  (y/,  yr,  u,  k). 


(2.161) 


(2.162) 


Let  us  note  that  expression  (2.157)  for  D(M)  by  changing  the 
variables  and  introduction  with  the  help  of  the  delta  functions  of 
additional  integrals  can  be  written  in  a  more  convenient  form: 


(o>,k )  =■  J  dMMMkaXfi<©— ax— a,).  fi(k— ka— ka)  X 

XX/i*(®.k,®a,k3)E;(ffllfk, )£*(©„  k,)+  (2.163) 

f  ——7  J  cHdttjdwjrfMMM  (©  — ©1  — <*1— ©sWk— ki— kj—kj)X 

X0/j*r(©,k,©4  +  ©s.kj  +  k3,©3l  kj)  E  j  (©lk1)-  £*((0j ,  k,)£/((o3k3). 


From  this  formula  it  follows  that  the  integrand  expressions  are 
different  from  zero  only  upon  x-ulfillment  of  these  conditions: 


a  =  ©j  +  ©I,  k  =  ka  +  ka 


(2.164) 


in  quadratic  and 


«  =»  ©i  -f  ma  +  ©j,  k  =  ka  -f  k,  +  kj 


(2.165) 
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in  cubic  terms.  In  quantum  language  these  conditions  express  laws 
of  the  conservation  of  energy  and  impulses  of  interacting  quanta. 

Now  it  is  already  easy  to  obtain  equations  for  the  slowly  chang 
ing  Fourier-component  of  intensities  E  and  H. 

In  the  zero  approximation  with  respect  to  p  from  equations 
(2.150,  2.151),  considering  (2.l6l),  we  find 


IkHI,—  — kJE,.  kH  =  0; 

(2.166) 

fkEJi*=~ 0. 

(2.167) 

Equations 

of  the  first  approximation  can  be  written 

in  the 

following  form 

’.+  4-  4k/ 

(2.168) 

;  C’OtJl— .  , 

(2.168a) 

(2.169) 

oyr 

(2.170) 

Here  it  is  assumed  that  quantities  I  and  q  are  of  the  order  y. 
Other  possibilities  are  analyzed  in  Section  4.2  of  th"*  s  chapter. 
Equations  of  the  first  approximation  permit  obtaining  rhe  dispersion 
equation  and  establishing  the  connection  between  vectors  E (p/,  yr, k) 
and  h  (iti,  ur,  ©.  k). 

From  the  first  two  equations  (2.166,  2.167)  we  find: 

[kjkE]]f+  ==  0.  (2.71) 

If,  just  as  above,  we  use  the  unit  vector  e  along  Intensity  E,  then 
from  (2.71)  there  follows  the  equation 


67 


(2.172) 


Ike]*  +  ~  =0.  • 


which  connects  the  frequency  m  and  vectors  k  and  e. 

For  the  isotropic  medium  tensor  «//  is  determined  only  by  one 
vector  k  and  therefore  can  be  represented  in  the  form  (see,  for 
example,  [1*19]): 


til  («,k)  =  1 1±  (a,  k)+ ^  e,  (o>,  k),  (2.173) 

where  and  *t  -  transverse  and  longitudinal  dielectric  constants, 
i  jr  transverse  waves  e_Lk,  etttJ ej  —  tx  and  from  (2.172)  the  well-known 
dispersion  equation  follows: 

^(u.k)— c***s=0.  (2.17*0 

For  longitudinal  waves  Ml  k,  and  from  (2.172)  we  find: 

8|(W»  k)  =  0  (2.175) 

Let  us  examine  in  more  detail  eouations  of  the  first  approxima¬ 
tion.  First  of  all,  we  will  write  the  law  >f  the  conservation  of 
energy.1  For  this  we  will  multiply  equation  (2.168)  by  and 
the  complex  conjugate  equation  (2.1o9)  by  H#  and  subtract  the  second 
from  the  first.  Using  equations  (2.170)  and  the  well-known  vector 
identity 


div  [AB]  =  B  rot  A  — •  A  rot  B, 

we  will  obtain  equation  (we  omit  parameter  p): 


‘See  [38],  [19*1],  [218],  [219],  [233]  on  laws  of  conservation 
in  a  linear  anisotropic  dispersive  medium. 
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ST  - £(?* + b'£-  (»*«)£<)=  -  i  <»* *  IEH*I  + . 

'  (2.176) 

Let  us  introduce  the  designation  for  magnitude  of  the  electro¬ 
magnetic  energy  of  the  anisotropic  dispersive  medium,  arrived  by 
given  w  and  k. 


uv,r.*io-±fte+e,ls*.el). 


(2.177) 


The  first  two  terms  of  the  right  side  of  equation  (2.176) 
determine  the  energy  flow  taking  into  account  spatial  dispersion; 
the  third  one  determines  the  change  in  energy  due  to  the  nonlinear 
interaction;  the  fourth  —  thermal  losses  and  the  fifth  —  work  of 
the  side  current. 

Using  equations  of  zero  approximation  (2.1 66,  2.167),  we  will 
obtain: 

H-- i-(kE);  (EH*|=f  lE|kE*]l.  (2.178) 


These  relation ,  permit  excluding  the  magnetic  field  strength  from 
equation  (2.176)  and  to  writing  expressions  for  energy  and  energy 
flow  in  the  form: 


0  =  1—  fkel,+  —  l6v.K..e-\  —  =  —  — 
v  \  •  da  *  ‘  "  "  8n  o)  d(o  ‘  '  8* 

S  <yJ,  ,  «,  k)  =  (k  — e  (ke))  -  oe,  J  M . 


(2.179) 

(2.180) 


To  obtain  the  last  expression  in  (2.179)  equation  (2.172)  is  used, 
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From  these  formulas  let  us  find  the  expression  for  group  speed 
in  the  anisotropic  medium,  which  is  determined  by  the  relation 

S-vrp£/®^>i/;.  .  .  .  (2.181) 

3c*(k  — e  (ke))-o*|-  (  et  t’„  e,) 

Vsp  - - - - - - .  (2.182) 

Using  the  last  formula,  it  is  possible  to  write  the  evident 
expression  for  the  beam  vector  s  defined  by  formula  (2.9) . 

Let  us  note  that  expression  (2.182)  for  v  can  be  obtained 
directly  from  equation  (2.172).  For  this  it  is  necessary  to 
differentiate  this  equation  with  respect  to  k  and  to  solve  the 
equation  obtained  by  such  means  with  respect  to  9w/9k.  Here  we 
obtain  direct  proof  of  the  parallelism  of  vectors  of  energy  flow 
S  and  vector  of  group  speed  3w/9k  (compare  with  the  proof  in  [38] 
Russian  page  402). 


The  beam  vector  s  can  be  standardize,  for  example,  in  such  a 
manner  so  that  the  following  condition  is  fulfilled: 

ck 

Sn=t,  where  n=—  (2.183) 


(compare  with  formula  (2.9).  In  the  absence  of  spatial  dispersion 
the  thus  standardized  beam  vector  can  be  recorded  in  the  form 

=  J^!lL.  (2.184) 

bn— (ne)(ke)  Jne]  Jke] 

The  penultimate  term  member  of  the  right  side  of  equation 
(2.176),  which  determines  damping,  can  be  presented  in  the  form 


(2.183) 


where  •yfa.k)--  damping  decrement  in  the  anisotropic  dispersive  medium. 
It  is  determined  by  expression 


yK»  = 


«*<«</ 


^ei  *n' 1  • 


(2.186) 


Let  us  examine  certain  special  cases  of  formulas  (2.182,  2.186) 
for  the  group  speed  and  damping  decrement. 


In  the  case  of  the  isotropic  mediuiji,  tensor  is  determined  by 
expression  (2.173).  Using  this  expression,  for  transverse  waves 
from  (2.182,  2.186)  we  will  obtain 


vA 
.  rp 


•  ■>  dRet ,  (u,  k) 
.  fc.k-u* - - 

5=3  1 


•;  Yi =  ■ 


«/mei  (0,  k) 


"  — (<o»/?eei(«,  k)) 


(2.187) 


Appropriate  expressions  for  longitqdinal  waves  have  the  form 


~  /?e  p ,  (<*',  b) 

d  • - ;.Y,= 

’  ~  k) 


l mi |  (»,  k) 

k) 


(2.188) 
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ma* 


I 


In  deriving  these  expressions  we  used  the  dispersion  equation 
(2.175)  for  longitudinal  waves. 


Without  spatial  dispersion 


vi,  =■ 


2c*  k 


,A) 


•.  v4=o. 


(2.189) 


Finally,  in  the  absence  of  polarization,  when  «*■=!,  from  (2.189)  we 
find  vl,  =  -- . 

rp  j. 

Let  us  return  now  to  equation  (2.176).  Using  designations  (2.179, 
2.180,  2.181,  2.186),  let  us  write  it  in  the  form 


—  2v  (a,  k)  U- 


——  1m  (D<lM>  E*>  —  Re  IE*. 


(2.190) 


Let  us  examine  the  general  properties  of  the  right  term  of  the 
right  side  of  this  equation,  which  describes  the  nonlinear  interaction 
of  the  waves.  For  simplicity  ;,e  will  examine  the  case  of  the 
quadratic  medium.  However,  general  properties  of  the  nonlinear 
member  established  below  remain  accurate  in  general. 


vector  D(MJ>  is  determined  by  expression  (2.163).  In  this 
expression  it  is  possible  to  use  expressions  for  tensors  ft/** 
and  ®ijki  neglecting  the  dissipative  members,  since  according  to  the 
condition  the  actual  dissipative  terms  of  the  order  p  and  terms  of 
tne  order  p  will  oe  disregarded.  Therefore,  tensors  ft/*  , 
which  enter  into  formula  (2.163)  for  D<lu> »  possess  the  property: 

X,M(0>,  (O',  k,  k')  =  X  ■,*(“.  <  k,  k')  = 

"  Xi  Ik(— k,  — k'). 

8,,*,  (m,co\  o',  k,  k',  k*)  =  8J/W  (©.a'.o’.k.k'.k') 

—  8//*t  ( — to,  — co',  —o',  — k,  — k',  —W"). 


(2.191) 

(2.192) 
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Let  us  examine' the  integral  J //n(D(HJ,)  -E*)  dtodk  .  Leaving  only 

the  quadratic  term  from  (2.163)  we  will  obtain: 

f  Im  (D(MV-  E*)  dodk  ==  -V  Im  f  dm  do'  do"  dk  dk'  dk'X 
(2 «)*  J  (2 «)‘*  J 

.  -<0**(k-k/-k')xi»(».®'.k,k')x 

XE\(o,k)-El(o',k')-Ek(o',k').  (2.193) 

Here  and  below  instead  of  ®i.  k„  k2  in  (2.163)  we  will 
use  designations  o',  o '  k,  k',  k*. 

Let  us  replace  in  (2.193)  variables  of  integration  o,  o',  o',  k,  k',k" ' 
for— w,  —  o',— o",— k,  —  k',— k".  We  will  use  properties  (2.191)  of 

the  tensor  (2.191)  and  consider  that  the  Fourier-components  possess 
properties : 


E*  (a,  k)  =  E  (— <»,  — k).  ^,x 

As  a  result  we  will  obtain  that  the  integral  in  (2.193)  will  turn 
into  a  complex  conjugate.  The  imaginary  part  of  the  complex 
expression,  which  possesses  property  a+tb**a—tb,  is  equal  to  zero. 
Thus  we  obtain  the  first  important  property  of  the  nonlinear  term: 


Im  J  D<IU)  E*  dodk  =  0  (2.195) 

Below  it  will  be  shown  that  this  condition  ensures  the  fulfillment 
of  the  law  of  conservation  of  the  number  of  quanta  in  the  nondissi- 
pative  medium. 

Let  us  now  prove  the  second  property  of  the  nonlinear  member: 


J  0  D<mj)  E*  <fo>  dk  0, 


(2.196) 
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Xi> 


which  ensures  fulfillment  of  the  law  of  conservation  of  electromagnetic 
energy  in  the  nondissipative  medium. 

For  the  quadratic  medium  from  (2.163)  we  obtain 
_L_  J  «  D(iU)  E*  dadk  =  J  da  da'  da"  dk  dk'  dk'  X 

X »8(o) — a'  —  <•>*)  -a (k  —  k'  —  k*)x»/* (<», .<■>'  k,  k')  X 

X  E\  (to,  k )•£, «  k')  Ek «  k") ..  (2.197) 

By  means  of  replacement  oi'^to'.k'-t-k",/-*  ^  we  are  convinced  t  under 
the  integral  in  (2.197)  it  is  possible  to  consider 

Xtik  (<*>.  k,  a'.  k")  =  xm  (“.  k,  a\  k').  (2.198) 

(Let  us  remember  that  frequency  permutable  relationships  for  tensors 

A  . 

and  %  coincide). 

Let  us  consider  the  case  when  calculation  of  the  spatial 
dispersion  is  not  essential.  Here  it  is  possible  to  use  the  result 
of  §  1 — 6. 

From  formula  (1.131)  it  follows  that  tensor  Xo*  (t,  t')  does  not 
change  with  replacement  of  i-*k,  t-*V,  i .  e . 


X»/*(v 0“X*w(«'.1fr  (2.199) 

Substituting  this  formula  into  the  second  expression  (1.81)), 
we  will  obtain  the  useful  equality: 


(2.200) 


Let  us  make  in  (2.197)  at  first  the  replacement  k-»~ k“, 

and  then  *-*4.  Using  formulas  (2.19*1)  2.200,  2.191),  we  will  obtain: 


«*)*>.  *)•£,«  k  ')•£*«  k"j  = 

»  ““"Xz/iK.  ®)£,  «  k")  •£,  (a',  k')-£J(a,  k)  = 
k)  £/(»',  k')-£>',  k').' 


(2.201) 


7*1 


Producing  now  replacement  ©-*• — k-*— k",  and  then  /-*•/,  we  will 
obtain  by  the  same  means 


(a,  ©')£>,  k)£, (©',  k')-£*(©\  k*)  = 

=  -©'X,*/  (©'.■  ©)£,  (©',  k')  ^(©*.  k)£*  (©".  k!)  = 

“  —  to'Xut  (©.  ©')  (CO,  k)  £/ (o',  k'j  Ek  (o',  k").  ( 

Using  formulas  (2.201,  2.202)  and  equality  (2.198),  we  can 
record  expression  (2.197)  in  symmetrized  form: 


— L.fo)D<HJ)  E*dodk= 
(2 «)*  J 

X(o — <a'  • —  oj")  (o>  —  ©' 


:  f  dco  do/  do'  dk  dk'  dk'X 

3(2n)«*J 

-  a*)  !)  (k-k'-kOxc  ,*  (©.  ©OX 


X£j(B|k).£;K14>£1(^k'). 


(2.203) 


This  expression  is  equal  to  zero,  since 


(o> — of  — a”)6  (a — to'  — aT\  =  o. 


In  a  similar  way  we  can  prove  the  correctness  of  equality 
(2.196)  and  for  the  cubic  nonlinearity.  In  order  to  generalize  these 
results  on  the  case  when  calculation  of  spatial  dispersion  is 
important,  it  is  necessary  to  prove  the  accuracy  of  equality: 


X//*(©.  ©',  k,  k')  =  xmu  o),  k',  k), 


(2.204) 


which  is  a  generalization  of  equality  (2.200). 

Condition  (2.196)  expresses  the  law  of  conservation  of  energy 
with  nonlinear  interactions.  Let  us  stress  that  this  equality  is 
valid  when  in  nonlinear  terms  it  is  possible  to  disregard  the 
dissipation. 

Under  those  same  conditions  it  is  possible  to  prove  the  accuracy 
of  equality : 
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Jk  (D0**1  E*)dcodk  =  0, 


(2.205) 


which  expresses  the  law  of  conservation  of  momentum  with  nonlinear 
interactions . 

Let  us  prove  this  equality  for  the  quadratic  medium.  For  this 
case,  using  (2.163),  we  will  obtain: 

J  k  (D<H1>  E*)  da  dk  =  J  da  da'  da"  d  kdk'  dk*  X 

x  (k  —  k'  —  k*)  fi  (a  -  a’  —  a")  fi  (k  —  k'  —  k")  x,/*  (*>,  <0  X 

X£>,  k)  £,(<*',  k')£*«k*).  (2.206) 

Using  properties  (2.200)  of  tensor  Xi/m  •  we  can  record  for  the 
medium  without  spatial  dispersion  of  equalities  analogous  to 
(2.201,  2.202).  This  permits  presenting  expression  (2.206)  in 
symmetrized  form: 


J  k  (D<IU)  •  £*)  dadk  =  J  da  da'  da"  dk  dk'  dk"  X 

X  -a'  -a").k-d(k - k'  -  k*) Xllk (*>.  k.a",  k'). 

E,*  (at  k)-£/o/,  k 0  £*(«'.  k*).  (2.207) 

Hence,  considering  that 

(k— k'-k*H(k-k'— k*)=0, 

we  arrive  at  the  equality  (2.205),  i.e.,  to  the  law  of  the  conservation 
of  momentum  with  nonlinear  interactions.  For  generalization  in  the 
case  of  the  dispersive  medium,  it  is  necessary  to  prove  equality 
( 2 . 20*1) . 

Let  us  return  to  equation  (2.190).  Let  us  introduce  the  function 

N  (jit,  }ir,a)k)  =  — (***•  ^r’  M|  k>.  (2.208) 

(2n)‘hci>.  ’ 
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which  is  the  generalisation  on  a  nonstationary  and  nonuniform  case 
of  the  function,  which  determines  the  average  number  of  quanta  with 
given  <a,  k. 


We  will  multiply  equation  (2.190)  consecutively  by  «o  ,  I,  k/a> 
and  integrate  with  respect  to  <o,  k.  Using  the  designation  (2.208) 
and  using  properties  (2.195,  2.196,  2.205)  of  the  nonlinear  term 
in  equation  (2.190),  we  will  obtain  three  equations: 


|  vrp Nda dk  =  — 2Jy(<*>,  k)Ndadk  — 

-  1  f*‘,E*dc*fk. 

(2.209) 

(2«)4  J  tiw 

±jwiM»*+£j 

1  vrpnci)  Ndadk  =  —  2.^y(a>,k)mNd(odk — 

— 

■  — i-  f/felE*<fa>dk. 

(2k)«  J 

(2.210) 

4-f*kMk>dk+  4- 

dt  J  or  , 

j" vrphkMfa)dk  =  —  2  Jy(«d,  k)  hkAMmdk— 

■ 

1  f -k  Pr  IF*  rfti)  ok 

(2.211) 

(2j»)4  j  « 

equations  constitute,  the  equation  of  balance 

of  the 

number  of  quanta,  energy  of  quanta,  momentum  of  quanta  respectively. 


It  is  possible  to  write  a  fourth  equation  for  the  angular 
momentum 


Jfmkjtfdwdk 

If  the  medium  is  nondissipative ,  l.e.,  Y  =0  and  the  external 
current  is  equal  to  zero,  then  equations  (2.209-2.211)  express  three 
laws  of  conservation:  numbers  of  quanta,  energy  and  momentum. 

If,  furthermore,  function  N  does  not  depend  on  coordinates, 
then  from  (2.209-2.211)  we  obtain  three  laws  of  conservation: 

jN da  dk  =  const;  fhuNdadk  =  const; 

J  hkN  da  dk  =  const.  /  ?  ?  ? ) 


77 


If,  conversely ,  function  N  does  not  depend  on  time,  and  the 
change  in  space  occurs  only  in  a  direction  of  the  unit  vector  Zq,  then 
from  equations  (2.209-2.211)  there  are  three  laws  of  conservation 
of  flows  of  quanta  in  the  direction  zQ. 

Expressions  for  the  flow  of  the  number  of  quanta  and  energy 
of  quanta  have  the  form 


fzjVrp  JVdcodk  =  — ~  f  —  dco  dk  =  const; 

J  v  (2n)4  J  ha> 

J  ftuz0vrpVd<i>dk  =  — jjj-  J  z0S  dco  dk  =  const. 


(2.213) 


(2.21*0 


Vector  S  is  determined  by  expression  (2.180).  Neglecting  the 
spatial  dispersion  s=  ■p-Re[EH *]  >  expressions  (2.213,  2.21*0  turn  into 


/fc  Jisi£!l!Ldcodk  =  const,  Re  J  z0  [EH*J  dco  dk  =  const.  (2.215) 

Let  us  examine  in  more  detail  the  equation  (2.211).  When  Y=7=0 
we  will  write  it  in  the  form 


-£■  J  Ndu>  dt  —  —  -~Sli  =  0. 


(2.216) 


The  tensor  of  stresses  is  determined  by  expression 


S{)  =  J kt  -^dcodk  =  J  hkftjNdqdk. 


(2.217) 


Neglecting  the  spatial  dispersion 


when 


J  = - £ - dadk 

11  to  (2b)4  )  u 


to  (2b)4 


■J-^-|£|*da>dk. 


Let  us  clarify  the  condition  under  which  equation  (2.37)  can 
be  obtained.  For  this  with  the  help  of  equations  of  aero 
approximation  we  will  exclude  H  from  equations  (2.169,  2.170).  As 
a  result  we  will  obtain  equations  for  complex  amplitudes  fjCn/.’nr.co.k); 

|kEl  +  lk-ot0)-»^  = 

=  —  —  4*7, .  (2.218) 

In  this  equation  we  multiply  scalarly  by  E]  .  take  the  real  part 
and  use  designations  (2.179-2.182),  then  we  will  obtain  equation 
(2.190).  Here  the  vector  identity  (2.21)  is  used. 

In  equations  (2.218)  is  determined  by  expression  (2.163). 

Due  to  the  nonlinearity  waves  with  various  uj  and  k  are  linked.  There¬ 
fore,  equations  (2.218)  actually  represent  an  infinite  system  of 
integrodifferential  equations  for  amplitudes  with  different  to  and 
k  or  for  an  infinite  number  of  waves.  It  is  essential,  however  that 
under  certain  conditions  the  solution  of  equations  (2.218)  can  be 
presented  in  the  form  of  the  sum  of  a  small  number  of  waves. 

Let  us  consider  the  case  of  quadratip  nonlinearity.  Let  us 
assume  that  function  Et  (frt,  |ir,  <o,  k)  is  different  from  zero  only  in 
three  points  of  the  four-dimensional  space  io,  k,  connected  by 
conditions  (2.33,  3*0 


+  <•>» «=  tos;  kx -f  k,  =  ks.  (2.219) 

Function  E  (jfi/, p,r, co, k)  can  be  presented  in  the  form 


E  -  (2«)‘  (A w  •  fl  (<o  -  (o,)  •  ft  (k  -  k,)  +  A(J)  •  5  (u  -  co2)  •  6(k  -  kj) + 

(o-a>3)-6(k-k3)) 


(2.220) 


Let  us  substitute  this  expression  into  equation  (2.218).  We 
will  assume  that  value  w,  k  in  (2.218)  is  close  to  u^,  k^  Here 
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values  kt  k„  k3  are  such  that 


»  y..  yp;  K  -  h  » 

a, P  =  1,2,3.  a«#p. 


y?  *9 


(2.221) 


Let  us  integrate  with  respect  to  w,  k  over  a  small  region  surrounding 
poir.t  kj.  As  a  result  we  will  obtain  the  following  equation: 


Am + fa,  { 

o**  Or 

.  X^mA,a  +Xi,*(w3-k3'<0i*ki) ^(2)^)1-  ( 2 . 222> 


Here  I— 0. 

Let  us  introduce  the  unit  vector  along  A(J)(A(/)=e(,,A(l)),  multiply 
equation  (2.222)  by  ,  and  use  property  (2.198). 


+  2<o>3  (w3,  k3,  Oj  kj)  e(3)i  e0)leWtAl  A2‘ 


(2.223) 


We  write  this  equation  neglecting  the  spatial  dispersion.  Prom 
formulas  (2.182)  in  this  case  it  follows  that 


-Is  -  fe  MI  [e  Ike)]  s 

U  VVl)  .  •*  (0*  *  V*  «  1 


Using  this,  we  will  obtain  the  following  equation: 


2 

[€i(k€,]]  s  [e3  [ke3]]  =*— ^7  «(3)j6i/<f(3)//5J+ 

4"  J  X(/»  (^a-  0>a)e{3)»c(i)/tf(3)*/’i 


(2.2211) 
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This  equation  coincides  with  the  third  equation  (2.37).  In 
comparing  them,  it  follows  to  consider  that 

A  ID?  1 

ei°e2  =  «<3)i  !  P  “  £7  e<3)i *nk(*a*d  *(»/*<*)*• 

The  equation  for  A2  is  obtained  from  (2.22^)  by  replacement  of 
—  ^  ks-*-—ki,2-*3, With  such  replacement,  according  to  (2.200, 
2.191)  function 


,  .  (2.225) 

X|/*  (©3.  ®2):e{3);  ‘*(1)/ '*(?)* 

does  not  change.  Furthermore,  —  k,)  =  k,). 

In  order  to  obtain  equation  for  A^,  it  is  necessary  to  use 
equality  (2.198)  and  produce  replacement  of  ®a.k#-*— ©3— kXf  3-*l, /-*■/.. 

With  such  replacement  function  (2.225)  again  remains  constant. 

If  one  were  to  substitute  expression  (2.220)  in  laws  of  conser¬ 
vation,  then  we  will  obtain  corresponding  expressions  in  the 
approximation  of  three  waves.  In  particular,  from  (2.214)  (2.44) 
follows . 

For  cubic  nonlinearity  instead  of  (2.220),  in  general,  it 
is  necessary  to  use  a  combination  of  four  waves,  the  frequencies 
and  wave  numbers  of  which  satisfy  conditions 

■®i  ©1  "f*  ©j =  ©4j  kj  ■}*  kj  -f*  kj  *=*  k4  (2.226) 


and  (2.221). 

It  is  essential  that  conditions  (2,226)  can  be  satisfied  by 
two  waves  if 


=  «*  *=  ©*  *=  ©;  ©«  =  3co;  kj  =  k,  =  ka  =  k;  k«  =  3k. 


81 


It  is  necessary  to  remember  that  functions  A^  should  satisfy 
equations  of  zero  approximation  (they  are  amplitudes  of  natural 
waves  of  the  linear  medium).  At  the  same  time,  in  the  presence  of 
dispersion  conditions  (2.219)  and  (2.226)  for  natural  waves  cannot 
be  fulfilled;  small  deviations  from  conditions  (2.219)  and  (2.226) 
can  be  considered  by  means  of  the  introduction  of  "vectors  of 
detuning"  A*~n;  A3~n  (see  also§§3-^  of  this  chapter).  Let 

us  note  also  that  the  presentation  of  the  field  in  the  form  of 
superposition  of  harmonic  waves  (2.220)  can  be  replaced  by  a  more 
general  representation  in  the  form  of  the  sum  of  wave  packets; 
here  6  —  function  in  (2.220)  should  be  replaced  by  functions  of 
finite  width. 

As  was  shown  in  the  introduction,  in  those  cases  when  the 
aproximation  of  the  solution  by  a  small  number  of  waves  is  unsatis¬ 
factory,  sometimes  it  is  more  convenient  to  use  another  extreme 
approximation,  which  consists  in  the  full  disregard  of  the  dispersion. 
In  this  case  instead  of  expressions  (2.1^6,  2.1^8)  we  have 
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(2.229) 


roW«  =  4 

r°WE  =  ~ 


3D<*>  . 

Tjir  + 

i  an  , 

(!  At<  ’ 


1  dD«!M>  ,  An  , 

c  ~sr~  +  — 


div^H  =  0; 


div^DW  +  diyrD<*”>  =  4.uj. ' 


Prom  equations  (2.228)  it  follows  that  the  dependence  on  rapid 
variables  enters  only  into  combustions  f— v^r  (see  the  introduction). 

Prom  (2.228,  2.229)  it  is  possible  to  obtain  in  the  corresponding 
approximation  telegraph  equations,  which  were  used  in  work  [55] 
for  the  description  of  shock  waves  in  electrical  lines. 


f 
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CHAPTER  IV 

PARAMETRIC  EFFECTS  IN  OPTICS 

§  1.  Introduction 

Disturbance  of  the  principle  of  superposition  in  a  nonlinear 
medium  leads ,  as  was  shown  in  Chapter  II,  to  interactions  of  waves 
of  different  frequencies.  An  important  clasp  of  such  interactions 
is  the  parametric  interactions  (see  §  4  of  Chapter  II)  appearing  in 
the  nonlinear  dispersive  medium,  which  is  exoited  by  an  intense 
electromagnetic  wave  -  so-called  pumping. 

Parametric  wave  interactions  were  repeatedly  observed  in  the 
range  of  decimeter  and  centimeter  radio  waves  (see,  for  example, 
experimental  works  [20,  151-1533)-  Below  we  will  examine  peculiarities 
of  parametric  interactions  in  reference  to  optics,  where  in  this 
chapter  the  main  attention  will  be  given  to  interactions  for  which  the 
frequency  of  pumping  and  frequency  of  interacting  waves  u)^  are  either 
comparable,  'v  or  wh  >  w^.  The  result  of  such  interactions, 
as  Was  shown  in  §  *1  of  Chapter  II,  can  be  the  amplification  of 
parametrically  interacting  waves;  w°  will  analyze  parametric  inter- 
a  vlcns  with  «  <<  u>^  (modulation  of  electromagnetic  waves  in 

nonlinear  media  in  Chapter  V. 

In  this  chapter  the  field  in  the  nonlinear  medium  will  be  written 
in  the  form 

E  (/,  r)  =  cA  (pr)  exp/K/— k„r)  -[■  2  X 

/-i 

X  Mi  (pr)  *{<a,  /  —  k,r)  =  E„+  S  E,. 

i«*» 
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The  character  of  the  interaction  of  waves  in  the  medium , 
excited  by  an  intense  wave  of  pumping  E  ,  is  determined  by  nonlinear 
and  dispersion  properties  of  the  medium  and  also  by  the  relations.,  p 
of  amplitudes  A7  and  A  .  Here  one  should  pay  attention  to  the  fact 
that  in  the  presence  of  an  intense  wave  of  pumping  not  only  waves 
of  the  field  (through  electron  or  ionic  oscillations  possessing 
dipole  moments,  different  from  zero,  see  Chapter  I)  dipole  moments, 
but  also  waves  of  field  and  completely  symmetric  oscillations  of 
molecules  of  the  medium  not  possessing  a  dipole  moment  (one-sided 
in  effect  of  such  oscillations  on  the  field  of  the  light  wave, 
"passive"  combination  scattering  was  discovered  in  the  1930's 
by  L.  I.  Mandel'shtam  and  G.  S.  Landsberg  a,.d  Raman  [15^-155])  , 
and  electromagnetic  and  acoustic  waves  etc. 

In  accordance  with  what  has  been  said,  in  r.his  chapter  we  will 
examine  separately  parametric  interactions  of  two,  types.  We  will 
subsequently  call  "nonresonant"  the  parametric  interactions 
appearing  in  the  medium,  the  nonlinear  properties  of  which  are 
described  by  equations  of  the  form  (1.17a)  or  (1.41a).  (Here 
frequencies  of  interacting  waves  can  be  changed  in  rather  wide 
limits;  the  possibility  of  the  appearance  of  accumulating  effects 
is  determined  by  dispersion  properties  of  the  medium).  Conversely, 
parametric  effects  appearing  with  the  interaction  of  completely 
symmetric  oscillations  of  molecules  (frequency  fiQ)  and  oscillations 
with  a  dipole  moment  different  from  zero  have  a  highly  marked 
resonance  character  —  the  frequency  is  fixed  and  is  the  parameter 
of  the  medium. 

The  theory  of  parametric  interactions  in  which  acoustic  wave 
participate  is  analogous  to  the  theory  of  "r  resonant"  electro¬ 
magnetic  interactions. 

§  2 .  Nonresonant  Parametric  Amplification 
of  Traveling  Waves  in  a  Quadratic  Medium 


Within  the  bounds  of  the  three-frequency  interaction,  as  was 
shown  in  §  4  of  Chapter  II,  two  parametric  effects  are  possible: 
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1 .  Parametric  amplification  of  two  weak  waves  with  frequencies 

©i +  ©*  =  ©«  (4,i) 

(so-called  parametric  amplification  with  high-frequency  pumping). 

2.  Parametric  conversion  of  energy  of  weak  waves  with  frequencies 
0)-^  and  (j)2j  which  satisfy  the  relation: 


The  number  of  parametric  effects  in  the  quadratic  medium  can  be 
considerably  expandeu  if  its  dispersion  properties  allow  consecutive 
three-frequency  interactions.  Taking  into  account,  for  example,  two 
consecutive  three-frequency  interactions,  one  should  examine  the 
interaction  of  waves  with  frequencies  u>^,  a>2,  and  which 
satisfy  relation 

<*>*  +  <n,  =  to.;  «!  +  ©,  =  <b,;  o),  +  »«  =  (4.3) 

(further  we  will  be  convinced  that  (4.3)  is  one  of  the  possible 
variants  of  parametric  amplification  with  low-frequency  pumping). 

Let  us  turn  to  a  more  detailed  investigation  of  the  enumerated 
effects . 

2.1.  Parametric  Amplification 
with  High-Frequency  Pumping 

Stored  interactions  of  the  type  (4.1)  can  be  realized,  obviously, 
in  media  allowing  coherent  generating  of  the  second  harmonic  (see 
§  2  of  Chapter  III).  In  a  uniaxial  crystal  of  the  KDP  or  ADP  type, 
pumping  should  excite  the  extraordinary  wave,  and  oscillations  of 
frequencies  and  co2  (here  they  will  be  called  also  frequency  of 
the  signal  s  wc  and  difference  frequency  co2  s  cop)  should  excite 
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ordinary  waves.  At  the  assigned  frequencies  w  ,  m  ,  and  w  the  fixed 

Cp  H 

direction  can  be  found,  in  which  there  is  carried  out  one-dimensional 
coherent  interaction  of  the  type  (4.1)  (for  such  interaction 


Fig.  4-1  shows  the  method  of  graphic  determination  of  the 
direction  of  synchronism  in  a  uniaxial  crystal.  For  0Q  (compare 
(3-8)  we  have 


/ 


0.=  arc  sin  ■*  /  *■]-»-!' 


ol-2 


If  the  frequency  and  direction  of  the  wave  vector  of  pumping 
are  fixed,  the  obtaining  of  considerable  coherent  lengths  with  a 
frequency  shift  to  can  be  attained  due  to  the  use  of  two-dimensional 
interactions.  The  truncated  equations,  which  describe  parametric 
amplification  with  high-frequency  pumping,  were  already  derived  in 
Chapter  II. 


Fig.  4-1.  Determination  of 
the  direction  in  which  one- 
dimensional  parametric 
amplification  with  high- 
frequency  pumping  occurs.  In 
the  first  quadrant  of  plane 
z',  x'  sections  of  surfaces 

of  wave  numbers  k°,  k^  (solid 

circumferences)  and  the  section 

k®.  The  point  of  intersection 

of  the  circumference  of  the 

radius  k°  +  k^  (dashed  line) 

with  curve  k^  (0)  determines 

the  direction  of  the  synchronism. 
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Considering  in  (2.39)  A-  =  A  =  const  and  passing  to  the  real 

2) 

amplitudes  and  phases  [see  (3*19)]»  we  obtain  the  equation  of  the 
form  (in  contrast  to  (2.39)  we  consider  here  damping  in  the  medium) 


~  +  olA9At sin®  +  =  0;  (  4  .  l|a) 

•^  +  a*jMlsin<I>  +  &*4i=0;  (4.4b) 

+  A  +  (fi  ^  +  °* '^)  4.cos®  =  0.  (4.4c) 

Here  4>  =  +  4> 2,  parameters  c15  a2,  6^,  ^2  and  ^  have  the  same 

meaning  as  analogous  parameters  introduced  in  Chapter  III  [see 
formulas  ( 3. 23M 3- 24)  ;  (3.44)]. 

Equations  (4.4)  must  be  solved  with  boundary  conditions,  set 
when  z  =  0 . 


A (0)  =  At0;  A, (0)  =  Ala;  <D (0)  «  <D0. 

As  was  shown  in  Chapter  II,  for  the  special  case  A  =  5^  =  6^  = 
=  0  equations  (4. 4)  allow  the  existence  of  waves  by  growing 
exponentially  in  space.  System  (4.4)  can  be  unstable  in  space.  In 
order  to  determine  regions  of  instability  in  general  A  ^  0;  6^  j-  0 
arqfl  <5 2  ¥■  0  we  will  use  the  usual  procedure  of  investigation  on  the 
stability  of  systems  of  the  third  order  developed  in  the  theory  of 
oscillations.  Introducing  small  variations  of  amplitudes  2  and 
phases  $ 


A  ~  Ae  4’  A  —  Ao~h  Qii  ^  (ty  .5) 

substituting  (ho)  into  equation  (4.4),  expanding  the  right  sides  of 
equations  in  Taylor  series  with  respect  to  small  a^,  a2,  and  being 
limited  to  terms  of  the  first  order  of  smallness,  a  system  of  three 
differential  first-order  equations  for  c^,  «2  and  ip.  Calculating 
coefficients  of  the  characteristic  equation  of  this  system  and  using 
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the  criterion  Routh-Hurwitz  [54],  we  will  obtain  the  conditions  of 
parametric  amplification  of  traveling  waves  in  a  quadratic  medium 
with  high-frequency  pumping: 

+  (4.6) 

OjOf 

The  graphic  image  of  regions  of  amplification  (4.6)  is  given 
on  Fig.  4-2 l.  From  (4.6)  it  is  clear  that  parametric  amplification 
in  general  is  impossible  with  an  amplitude  of  pumping  smaller  than 
the  threshold  value: 


4  I  _  »  /  _  ■»  f  _ (ei  a  ti)  (* t  g  et) 

D0PJ*“°  V  V  («lP  (e,p‘ 


I  6>lOs 


(4.7) 


A* 


Fig.  4-2.  Regions  of  parametric 
amplification  of  traveling 
waves  in  a  quadratic  medium 
with  high-frequency  pumping 
(region  pf  "instability  in 
space"):  shaded  is  the  region 
of  instability  when  6^  2  j-  0. 


With  a  growth  in  j A |  the  threshold  value  of  the  amplitude  of 
pumping  increases.  The  obtaining  of  analytic  formulas  for  the 
amplitude  and  phases  of  growing  waves,  in  general,  when  A  f  0, 

/  0  and  §2  ?  prove  to  be  very  laborious. 


xLet  us  note  that  condition  (4.6)  has  the  same  form  as  that 
condition  of  instability  of  a  parametrically  excited  oscillatory 
circuit  known  in  the  theory  of  oscillations  (see  [l47]-[l48] ) . 
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For  A  =  S1  =  <S2  =  0  the  solution  of  system  (4.4)  has  the  form 
(see  also  (2.62)) 


sin®^  ±  !; 

Al(z)  =  aleT°’+ble-T°*-, 

Ai(z)  =  a/°1  +  bie-T'\ 

(to)1  a]  ^  /^(c,p  °'"~‘a»)  (  *2  P 

A  A  A  A 

c*Ai  r.os  kiifCos  SiZo-Arcos  kjSj-cos  s2r0 

Constants  a^,  b^,  a2  and  b2  can  be  determined  with  the  help  of 
boundary  conditions.  The  most  typical  in  the  problem  on  parametric 
amplification  are  boundary  conditions  where  only  one  of  the 
amplitudes  A1Q  and  A2Q  is  different  from  zero;  in  the  medium  with 
variable  parameters  the  signal  is  introduced  from  without,  and  the 
wave  necessary  for  amplification  of  the  difference  frequency  appears 
already  inside  the  medium.  When  A^  -A  0;  A2Q  =  0  from  (4.8)  we  have: 


(4.8a) 
( 4 . 8b ) 
(4.8c) 

( 4 . 8d) 


Jl^^jo-chroz; 


AW- A.]/ 

f  <0j  fcj-COS  kj  Sj'COS  Sj 


sh  I’o  z 


(4.9a) 

(4.9b) 


(see  Fig.  4-3) . 

From  (4.8)  it  follows  that  the  factor  of  accretion  depends  on 
the  frequency  of  the  signal  as  r0~coc(coH-l-{oc).  The  last  expression 
reaches  a  maximum  when  ac  =  ^ — *  ,  and  such  conditions  of  the  parametric 

*  <i)H 

amplifier  can  be  called  degenerated.  With  the  departure  of  u>c  from 
Tq  decreases,  and  when  g>c  =  0;g)m  the  parametric  amplification  in  the 
examined  approximation  in  general,  vanishes  (let  us  recall  that  the 
above-cited  analysis  is  carried  out  with  the  help  of  truncated 
equations  of  the  first  approximation).  It  is  obvious,  in  reality, 
that  the  frequency  range  in  which  there  is  parametric  amplification 
proves  to  be  considerably  smaller  and  is  determined,  in  the  first 
place,  by  linear  dispersion  characteristics  of  the  medium.  (Formula 
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Pig.  4-3.  Graphs  of  the  change 
in  space  of  amplitudes  of  the 
signal  A^  (z)  and  difference 

frequency  A 2  (z)  for  boundary 

conditions  A^Q  /  0;  A2Q  =  0. 

Plotted  along  the  axis  of  the 
ordinates  are  given  amplitudes 


Along  the  axis  of  the  abscissas 

i  »  Tt 


(4.8),  (4.9)  pertain  to  the  case  A  =  0). 


The  solution  to  equations  (4.4)  is  when  A  =  0,  but  losses 
different  from  zero  can  be  obtained  with  the  help  of  a  change  in 


variables  (3-52)  useful  in  the  case  61  =  $2  =  6. 


For  the  case  6 z  <<  1  most  interesting  in  practice,  calculation 
of  losses  is  reduced  to  replacement  of  the  parameter  o±  accretion 


r 0  by 


r*=r0— e. 


(4.10 


When  A  /  0  the  effectiveness  of  the  Darametric  interaction  is 

5=  A 


determined  by  parameter 


2M„ 


(compare  Chapter  III);  when  A  >  l 


Interaction  practically  vanishes. 


2.2.  Farametric  Conversion  of  Frequency 


The  interaction  of  (*1.2)  is  described  by  equations  (2.66)  —  (2.67) , 
derived  in  Chapter  II.  As  was  already  indicated  in  Chapter  II,  those 
equations  do  not  have  exponentially  growing  solutions.  The 
interaction  of  waves  of  frequencies  to,  and  =  to  +  <o,  has  a 
character  of  spatial  beats.  In  order  to  calculate  the  form  of  the 
spatial  beats,  we  will  use  the  boundary  conditions.  Let  us  assume 
that 


Ao^O;  A  20  —  0. 


(*i.ll) 


According  to  (2.69)  we  have:  (here  and  further,  instead  of 
designations  of  equations  (2.66)  and  (2.67),  we  use  designations 
accepted  in  this  chapter) 


Al(z).=  aler^  +bte 

At(z)~  —  (a  e,r»*_ b  e~tT^)  . 

.  2«4(e,p  ow  .* 


( *1 . 12) 
( 13) 


With  boundary  conditions  (*l.ll),  from  (*1.13)  we  have  =  b.^  and, 
consequently, 


y4I(z)  =  i4wcosr0?; 


V  •  ,  A  A 

f  w,  Jkj  cos  kt  *4  cos  s„  x# 


(*l.l*Ja) 


(*l.l*lb) 


Considering  that  Ai  are  amplitudes  of  the  electrical  field  and 
using  (2.  *12),  for  energy  flows  along  the  z  axis  we  have 


su  —  [Ei^i]  =  (a\ 0  —kizos  k1s1  cos  si  z„  jcos  r0  z;  ( *1 . 1 5  a ) 


S*  [Ej! 


AiCos k^cosSjZo  I  sinfoZ. 


(*J.15b) 
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Whence 


’SjjMtlCC  __  (l>t  (l)  '  16) 

5unmc 

Thus,  for  the  interaction  (4.2)  the  energy  periodically  passes 
from  the  wave  of  frequency  (o^  to  the  wave  of  frequency  and  back 
(see  Fig.  4-1)).  Here  the  total  energy  flow 


IExHjJ  [E*Hj]  z0  const. 


Hfi), 


parametric  interaction  of  the  form 

«i  +  Wh““i;  M-k„=k,  with  boundary  conditions 


In  those  cases  when  the  energy  passes  from  the  wave  of  the 
smaller  frequency  to  a  wave  of  greater  frequency,  the  greater  the 

pumping  accomplishes  positive  work,  the  larger  the  ratio  —  [see 

©1 

(4.16)].  With  reverse  transition,  on  the  contrary,  the  wave  of 
pumping  absorbs  par**  of  the  energy  -  it  accomplishes  negative  work. 
Therefore,  an  interaction  of  the  type  (4.2)  can  be  used  in  nonlinear 
optics  for  amplification  with  simultaneous  conversion  of  the 
frequency  upwards. 

Thus,  just  as  for  amplification  with  high-frequency  pumping, 
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the  condition  of  synchronism  for  the  examined  interaction  can  be 
carried  out  in  a  uniaxial  crystal.  Here  waves  at  frequencies 
and  to  -  extraordinary  (see  also  Pig.  4-1). 

H 

2.3.  On  Parametric  Amplification 
with  Low-Frequency  Pumping 

For  an  interaction  of  the  form  (4.3)  the  field  in  the  medium 
should  be  presented  in  the  form 


E  =  eHA„  exp  /(<■>„/  —  k.r)  4-  £  ttA,  (pr)  exp  1  (to,  ( —  k,r)  = 

<- 1 

-E.+  SE,. 


»-i 


('Ll?: 


For  simplicity  we  will  consider  also  that  together  with  (*1.3) 
conditions  of  synchronism  of  the  form 


kj  +  kj^k,,;  kt  +  k,  =  ka;  ka  +  kM  =  k4. 


(4.18) 


are  fulfilled. 

Then,  disregarding  losses  in  the  medium,  for  complex  amplitudes 
A1~A4  we  w-5-11  obtain  the  truncated  equations 


A1coskA1s1coss1z0-^-+ B  u*eHe2)i4«A2  + 

(4.19a) 

kt  cos  k*sa  cos  saz0  ^77  4-  i — ( e2  %  eH  e,)  A „  A\  4- 

+  i  —  *\  (e2x*v~“  *4eJ  4.4  =  °; 

(4.19b) 

k3  cos  Ma  cos  saz0  ~  +  i  “3  (  ®jX  *vf<°*  *k  ei)^H 

(4.19c) 

kl  COS  k«s«  COS  Si^o  ‘  ^  W4  (  *4  X  ««  fz)'4*  ^  *“  0> 

(4.19d) 
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In  accordance  with  what  has  been  said  in  Chapter  II  solution  to 
the  system  (4.19)  can  be  represented  in  the  form 

A, <|x^)  =  Alt exp T z,  /=  1,2, 3, 4.  (4.20) 

Substituting  (4.20)  into  (4.19),  we  arrive  at  the  dispersion 
equation  of  the  fourth  order  for  the  propagation  constant  f. 

Numerical  analysis  of  the  dispersion  equation  (see,  for  example 
[60])  shows  that  the  purely  exponential  accretion  of  amplitudes 
A^  and  Ai(  proves  to  be  impossible;  the  interaction  of  the  waves  has 
a  character  of  spatial  beats,  and  the  amplitudes  of  maxima  are 
increased  with  an  increase  in  z. 

The  appearance  of  the  exponential  by  growing  waves  with 
consecutive  three-frequency  interactions  is  possible  if  dispersion 
properties  of  the  medium  allow  only  the  fulfillment  of  the  first  two 
equalities  of  (4.18)  -  only  one  of  the  waves  “sum"  frequencies 
and  can  coherently  interact  with  the  remaining  waves.  In 
order  to  be  convinced  in  this,  let  us  assume  in  (4.19)  A^  =  0. 

Then  system  (4.19)  can  be  presented  in  the  form  (the  amplitude 

of  the  wave  of  pumping,  not  limiting  the  community,  can  be  considered 

real) 


(4.21a) 

d£  -  „ 

—  i<rtAx  =  0; 

(4.21b) 

.  =  0; 

(4.21c) 

1  “  A  A  •  -  A  '  A 

c*k\  cos  ktifcos  i|Zs  c*ki  cos  M,  cos  8,1* 

__"2jw^(e,x“K— ieHeJ  A„  __  2n<^(  es%  "«•+"«  A„ 

* - -  — - ,  a  j - - - - - 

c**«  cos  k,«i  cos  8tz«  '  c*kt  cos  tc3»,  cos  *.,zo 


Differentiating  (4.21a)  with  respect  to  z  and  substituting  into  the 
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obtained  expression  (4.21b)  and  (4.21c),  we  arrive  at  the  differential 
second-order  equation  for  A^: 


d * 

d*' 


(4.22) 


i  ii 

and,  consequently,  when  solution  of  (4.22)  has  the 

form 


Al  =  aler’  +  bie  r*. 

Substituting  (4.23)  into  (4.21c),  we  are  convinced  that  the  wavi-  of 
frequency  exceeding  the  frequency  of  pumping  grows  exponentially. 
The  unbounded  accretion  of  amplitudes  of  the  parametrically  interacting 
waves,  of  course,  cannot  take  place;  in  the  quadratic  medium 
limitation  of  the  amplitude  (saturation  of  the  parametric  amplifier 
of  the  traveling  wave)  occurs  owing  to  the  reverse  reaction  of 
growing  waves  on  the  wave  of  pumping  (let  us  remember  that  formulas 
(4.9)  (4.23)  are  obtained  in  the  approximation  of  the  assigned  field). 
Let  us  turn  to  the  Investigation  of  the  effects  of  saturatie.  ;  the 
greatest  interest  in  such  investigation  is  for  conditions  cf 
amplification  with  high-frequency  pumping. 

§  3.  Effects  of  Saturatl.n  with  Parametric  Amplification 
of  Traveling  Waves  in  a  Quadratic  Medium. 

A  Tunable  Parametric  Light  Generator 

3.1.  Conditions  of  Saturation  of  an  Amplifier 
with  High-Frequency  Pumping 

To  investigate  the  effects  of  saturation  in  an  amplifier  with 
high-frequency  pumping,  besides  equations  one  should  consider  (4.4) 
also  equations  describing  the  change  in  amplitude  and  phase  of  the 
wave  of  pumping.  Truncated  equations  for  r.eal  amplitudes  and 
phases,  which  completely  describe  the  three-frequency  interaction 
in  a  quadratic  medium,  have  the  form: 


+  a.  A  A,  sin  ®  +  Ax  =  0 ; 

dt 

(4.24a) 

-}- <7*^1  Ai sin®  + 
dz 

(4.24b) 
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^--M^sino+Mj^O; 

dz 

^  +  4  +  (0,^  +  „,JA_.,^jcos®  =  0. 


(4.24c) 


(4.24d) 


Here  the  meaning  of  parameters  c^,  a2,  o^,  6^  62,  6^  and  A  is 

conventional,  and  4>  =  4>]_  +  <f>2  -  4>H  •  Systerfl  (4.24)  in  general  can 

be  solved  only  numerically ;  when  6^  =  <$2  =  6^  =  A  (in  particular, 

6=0)  the  equations  possess  the  first  two  integrals  (see  (2.43) 

and  (2.43a)  of  5  3  of  Chapter  III):  using  the  first  integrals, 

it  is  possible  to  exclude,  for  example,  variables  A2  and  A^  and  obtain 

an  equation  describing  the  behavior  of  phase  trajectories  on  the 
2 

plane  A^ , 


(4.25) 


We  will  not  conduct  detailed  analysis  of  (4.25)  here:  it  basically 
is  analogous  to  that  conducted  in  §  3  of  Chapter  III  and  is 
carried  out  in  worx  [157 J.  Here  we  will  limit  ourselves  to  con¬ 
sideration  of  the  simplest  A  =  0  and  6=0  for  which  the  obtaining 
of  analytic  relations  prove  to  be  possible  (see  also  [158]).  We 
will  consider  that  when  a  =  0 


Ati 0)  =  Au;  >1,(0)  =  0;  4,(0)  -  * (0)  =»  #0  =  — ~ . 


(4.26) 


Motion  with  boundary  conditions  (4.26)  is  obviously  the  motion  along 
the  separatrix  (see  Chapter  III),  and  therefore  sin  4>  =  ±  1;  cos  $  = 
=  0.  From  equations  (4.24a,  b)  in  examined  case  we  have: 


•  =  q»^» 
dAt  <rtAi 


and,  using  (4.26), 


(4.27) 
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Similary  we  have 


A’ — 


(H.yS) 

('1.29) 


Substituting  (42. 7)-( 4 . 28)  into  ('I. 24b),  we  obtain: 


(''-3 

Introducing  designations  ta*  =  /5H20;  1^=  —A^  and  integrating 

we  obtain: 


A, 


dA% 


(4.3D 


Introducing  a  new  variable  w2—A\  =wiyi,  the  integral  in  the  left 
part  of  (4.31)  can  be  reduced  to  an  elliptic  integral  of  the  first 
kind.  Then  instead  of  (4.31)  we  have: 


hff 


(•t-foi)1'1 


dy 


*»)(!- *V) 


,/oTo, 


(4.32) 


ere 


k* 


a* 

0*;f  W* 


(4.33) 


Turning  the  elliptic  integral,  it  is  possible  to  arrive,  as  is 
known,  at  the  Jacobi  elliptic  functions. 


Prom  (4.32)  for  A2  we  have 
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where 


.  . . .  (  .  ... _  .  y .  ■  . 

A ,<!)=  \f  —  ^w-cn  (*  +  -S5a,;J. 
X-f  —  *  . 

j  VO-v*)(»-**v») 


( 4 . 34a) 


Using  (4.34a),  formulas  describing  the  change  in  space  of  amplitudes 
and  A^  can  be  obtained] 


=  •A.Udn(*+KS5:A,„*]; 

■  *S5L/i„A.  - 


(4. 3/ib; 


(4 ,y\'i) 


Using  ( ^ .  31! ) ,  It  is  possible  to  construct  graphs  of  the  change 
in  power  fluxes  along  the  z  axis:  S‘,=[E,H‘,]zo;  S2=[E2H2]z0;  S„  =[E„  H„  ]z0. 

In  Pig.  4-5  such  graphs  are  constructed  for  boundary  conditions 
(4.26).  Prom  the  given  curves  it  follows  that  the  interaction  of 
waves  in  the  examined  case  has  a  onaracter  of  spatial  beats;  the 
exponential  growth  of  amplitudes  A.,,  A2  at  An  ,  ^  A h  is  delayed,  and 

amplitudes  of  waves  of  the  signal  and  difference  frequency  reach 
a  maximum  and  then  start  to  decrease,  transmit  their  energy  to  the 
wave  of  pumping.  The  period  of  spatial  beats 


’  Oj  G)  A  MO 


and  maximum  power  amplification 


_  |  |  *h  SjtQ 

Su  •»»  Sj# 


(4.35) 


and,  consequently,  if  is  not  to  small,  the  efficiency  of  the 
amplifier  can  reach  units  and  tens  of  percent.  Losses  and  deviations 
from  conditions  of  synchronism  worsen  characteristics  of  the 
amplifier. 
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Fig.  4-5.  Graphs  of  the  change  in  space 
of  powers  of  the  signal  S-^zJ/S^,  difference 

frequency  S2(z)/S10,  and  pumping  S[((z)/SI0 

with  parametric  amplification  of 
traveling  waves  in  a  quadratic  medium. 


Just  as  in  the  theory  of  the  generation  of  harmonics,  the 
influence  of  the  indicated  factors  is  determined  by  values  of  the 

-  6  X  _ A 

given  parameters  0=sffiy|  »  A  ~  •.  When  6  <},  A  <1  the  character  .  f 

the  processes  in  the  system  qualitatively  does  not  differ  from  the 
case  5  =  6  “0.  Let  us  note,  however,  that  when  6=£  0  together  with 
the  spatial  beats  there  takes  place  a  monotonic  decrease  in  amplitude 
of  the  interacting  waves.  At  sufficiently  large  a  amplitudes  Aj  and 
on  the  segment  of  change  in  z  [0;  «>]  have  only  one  maximum  each 
(see  [157]). 


The  method  stated  above  of  the  calculation  can  be  used  and 
during  the  analysis  of  interaction  of  the  type  (4.2) 1  in  those  cases 
when  and  here  it  impossible  to  be  limited  to  concepts  about  the 
assigned  field  of  pumping.  Let  us  note,  however,  that  the  absence 
of  exponential  growing  waves  in  the  last  case  makes  this  analysis 
less  urgent. 


*Let  us  also  note  that  this  method  is  completely  applied  to 
the  problem  on  the  generation  of  the  second  harmonic  in  the  two- 
dimensional  medium  (see  (3.19a)) <  It  is  not  difficult  to  see  that 

here  when  A^(G)  ^  (0)  the  spatial  beats  will  take  place  when 

A  =  0. 
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Investigation  of  conditions  of  saturation  of  the  parametric 
amplifier  with  high-frequency  pumping  is  of  interest  not  only  from 
the  point  of  view  of  '-he  problem  on  the  calculation  of  its  maximum 
output  power  but  esp<  •  ally  in  connection  with  the  problem  of 
parametric  generate  ai  of  electromagnetic  oscillations.  Acutally, 
it  is  easy  to  see  if  being  under  the  influence  of  an  intense 

wave  of  pumping  quadratic  medium  is  placed  in  a  resonator,  possessing 
sufficient  high  quality,  in  the  medium  oscillations  at  frequencies 
and  w2  can  be  self-excited.  Such  a  generator  represents  special 
interest  in  the  optical  range  (cm  [63,  64,  144,  145]),  inasmuch  as 
at  a  fixed  frequency  o>  in  principle  considerable  returning  of 

H 

frequencies  and  w2  is  possible  (let  us  recall  that  if  we  are 
distracted  at  present  from  dispersion  properties  of  the  medium, 
the  only  condition  superimposed  on  frequencies  a>1  and  w2  is  the 
condition  (4.1). 

It  is  necessary  to  note  that  parametric  generators  of  the 
indicated  type  are  investigated  in  detail  in  the  radio- frequency 
band  (there  we  usually  call  them  two-circuit  parametric  generators, 
see  for  example,  [148]).  However,  in  optics  such  generators  possess 
a  number  of  peculiarities,  and  we  will  turn  to  a  brief  analysis  of 
them. 


3.2.  Parametric  Light  Generator 

A  diagram  of  a  tuned  generator  is  shown  in  Pig.  4-6a.  Palling 
here  on  the  quadratic  crystal  is  the  wave  of  pumping  E  ,  freely 
penetrating  the  latter.  Directions  Lx  and  Vx  are  selected  in  such 
a  way  that  waves  of  frequencies  and  a>2,  propagating  in  the 
indicated  directions,  can  coherently  interact  with  the  wave  of 
pumping 


fr*  +  fc*  *=  k„ 


and,  consequently,  in  virtue  of  that  discussed  in  §  2  of  this  chapter 
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Fig.  Jl-S.  Diagrams  of  parametric 
light  generators:  a)  tuned 
double-resonator  generator;  b) 
monoresonator  (degenerated) 
parametric  generator 


when  Au2  <  A„,  ,  At-~el“z  .  If  now  in  direction  of  rays  1,  2 

(let  us  recall  that  waves  at  frequencies  2  are  ordinary),  which 
emerge  from  the  crystal,  we  install  mirrors  (see  Fig.  4-6a) ,  in  the 
system  there  appears  positive  feedback,  and  self-excitation  of  the 
oscillations  becomes  possible. 

Values  of  frequencies  of  self-excited  oscillations  are  determined, 
obviously,  by  the  position  of  the  mirrors. 

V/e  will  not  discuss  in  detail  the  analysis  of  factors  determining 
the  range  of  smooth  retuning  of  the  generator;  it  is  easy  to  see 
that  it  is  connected,  first  of  all,  with  linear  dispersion  properties 
of  the  quadratic  medium  (see  [63]). 


Let  us  turn  to  the  investigation  of  the  process  of  excitation 
of  parametric  oscillations.  Let  us  consider  the  most  simple  variant 
of  the  parametric  generator  -  the  so-called  degenerated  parametric 
generator  (see  also  [l44]-[l45]) ,  in  which 


b> 


1 


=  £D*  =  CO  = 


(4.36) 


Self-excitatior.  of  degenerated  parametric  oscillations  is  possible, 
obviously,  in  a  one-dimensional  resonator  of  the  type  Pabry-Perot 1 , 
which  contains  the  quadratic  medium  oriented  in  such  a  way  that  the 
phase  speed  of  the  ordinary  wave  of  frequency  w  is  equal  to  the  phase 
speed  of  the  extraordinary  wave  of  frequency  w  =  2w  in  a  direction 

H 

perpendicular  to  mirrors  of  the  resonator.  A  diagram  of  such  a 
generator  is  shown  in  Fig.  4-6b.  Here  a  plane  wave  of  pumping  is 
in  incident  on  the  Fabry-Perot  resonator: 


E*  =»eB  .4*o  exp  »’(&>,,/  —  k„r).  (4.37) 

It  is  assumed  that  the  resonator  is  transparent  for  the  wave  of 
pumping;  reflection  factors  with  respect  to  amplitude  at  frequency 
a)  =  2w 

H 


(4.38a) 


If  the  nonlinear  medium  occurring  in  the  resonator  is  oriented  in 
such  a  way  that  conditions  of  synchronism  are  fulfilled  for  frequencies 
(4.36)  and  reflection  factors  at  frequency  to 


ff.(0)=£0;  Rm(d)=h  0 


(4.38b) 


*In  a  one-dimensional  resonator  nondegenerate  oscillations 
»1  +  «2  -  are  P°ssi81e,  of  course  (see  Fig.  4-1).  However,  here 

a  change  in  the  generated  frequencies  is  possible  only  with  a  change 
in  the  direction  of  the  wave  vector  of  pumping  k  . 

H 
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the  thermal  f]  'actuations  inevitably  present  in  the  resonator  can 
cause  self-excitation  of  oscillations  at  frequency  w1 .  Here  the  field 
in  the  resonator  can  be  represented  in  the  form  of  the  superposition 
of  direct  (all  values  pertaining  to  them  will  be  noted  by  a  (+)  sign) 
and  return  (-)  waves: 


E+  =  ct At (nz) exp z" (2(o i  —  k± 2)  +  tt .if  (pz) exp i (o/-^ z).  (4.  39) 

E“  =  eT  at (pz)  exp  i (2a(+At z)  +  e?  AT  (pz)  exp  / (&)/+*!  z).  (  4  t  4  q  ) 


Values  referring  to  the  field  of  pumping  are  noted  here  by  subscript 
2( 2w) ,  and  to  the  field  of  parametric  oscillations  l(lw).  It  is 
important  to  emphasize  that  although  relationship  (4.38a)  takes 
place,  in  the  field  of  the  return  wave,  especially  at  large  A~,  there 
are  inevitably  present  frequency  oscillations  2 m  —  the  return  wave  of 
the  parametrically  excited  oscillations  generates  a  second  harmonic 
Therefore,  in  the  examined  diagram  there  always  exists  a  "reflected" 
wave  at  frequency  2m,  E(0Tp),  which  propagates  in  the  direction  of 
the  generator  of  pumping. 

If  one  were  to  be  interested  not  only  in  steady-state  oscilla¬ 
tions  of  the  parametric  generator  but  also  transition  processes, 
resolution  of  problem  can  be  obtained  with  the  help  of  the  procedure 
discussed  in  §  5  of  Chapter  III.  The  process  of  excitation  of 
parametric  oscillations  can  be  presented  as  a  sequence  of  steps  in 
each  of  which  the  interaction  of  the  wa/es  is  described  by  equations 
of  the  type(3-20).  Then  the  initial  equations,  as  in  the  problem 
on  the  resonator  frequency  doubier,  here  are  equations  (3-65)  which 
must  be  solved  with  boundary  conditions  (compare  3-66). 


*Here  it  is  appropriate  to  pay  attention  to  the  important  dis¬ 
tinction  of  the  problem  on  the  parametric  generator  (generator  of 
subharmonic)  from  the  problem  examined  in  Chapter  III  on  the  generator 
of  the  second  harmonic.  If  in  the  last  case,  the  value  of  initial 
amplitude  is  immaterial,  the  process  of  generation  of  the  second 

harmonic  proceeds  when  =  parametric  excitation  is  possible 

only  at  an  initial  amplitude  of  the  subharmonic  different  from  zero 
(or  in  the  presence  of  a  side  force  having  components  at  a  frequency 
of  the  order  of  frequency  of  the  subharmonic). 
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A(ao  (*0  =  Rm  (d)  •  i4l*(^_i)  (d) 

?!%)  =(PlVl)+n 

i^’(A/)(0)=  ^mo»  aT (wi  (d)  —0 


( ^4 .  -Mia) 

(4.4lb) 

(4.4lc) 


N  —  as  before,  the  number  of  the  step.  In  accordance  with  tfhat 
mentioned  above  on  the  ro]  ;•  of  initial  conditions  in  the  examined 
problem,  the  following  certainly  should  be 


(4.42) 


the  initial  amplitude  of  the  direct  wave  of  the  subharmonic  for  the 
first  step  should  be  different  from  zero1 . 

In  the  analysis  of  equations  (3-65)  we  will  consider  that  the 
condition  of  synchronism  is  fulfilled  exactly  (A  =  0),  and  the  ratio 
of  the  initial  amplitude  of  the  subharmonic  to  the  amplitude  of 
pumping  is  small 


(4.43) 


We  will  consider  also  that  losses  in  the  medium  are  small  (Sd^i) 
and  the  condition  of  the  appearance  of  growing  waves  A„>Aaop  where 
Anop  is  determined  by  relation  (4.7)  is  fulfilled  with  a  reserve, 
and  r~r0. 

Under  the  assumptions  made  an  analysis  of  the  process  of 
establishing  parametric  oscillations  can  be  conducted,  by  using  only 
amplitude  equations  (3-65)  -  motion  is  accomplished  along  a 


JIf  quantity  (0)  has  a  fluctuating  origin,  into  equations 

(3-65)  there  must  be  introduced,  in  general,  fluctuating  side  forces 
(see  §  4,  Chapter  II).  If  one  is  interested,  however,  in  fluctuations 
of  the  amplitude  and  phase  of  parametric  oscillations,  calculation 
of  side  forces  is  equivalent  to  the  calculation  of  the  initial 
amplitude  different  from  zero  of  the  direct  wave  of  the  subharmonic. 
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trajector  very  close  to  the  separatrix,  phases  $+  and  on  every  step 
are  constant,  and  their  changes  from  step  to  step  are  connected  only 
with  jumps  in  the  phase  of  the  subharmonic  on  mirrows.  Thus,  instead 
of  (3-65)  we  have: 


dA$ 

— f-  o,  Af  A}  sin  <I>±  =  0 ; 
dA f 


dz 


(4.44a) 

(4.44b) 


(when  6d  <<  1  and  A  >>  A  the  distributed  losses  in  the  medium 

h  nop 

can  be  considered  due  to  the  appropriate  correction  of  values  R  ) . 


We  will  turn,  first  of  all,  to  the  conclusion  of  conditions  of 
parametric  excitation  of  the  oscillations.  If  (4.43)  takes  place, 
calculacion  can  be  carried  out  in  the  approximation  of  the  assigned 
field  A~  =  A  ,  AZ  =  0 .  Considering  sin  43+  =  -1  (see  the  phase  plane 

<l  HO  c. 

of  Pig.  3-6a)  we  have  from  (4.44a) 


P 

<2)  =  Atw  (°)‘  exp  *,  *  •  (4.45) 

At  the  fixed  point  of  the  resonator  oscillations  of  the  subharmonic 
will  grow  with  time  if  the  increase  ir  the  amplitude  on  the  N-step 
exceeds  the  loss  to  radiation  through  the  mirror,  i.e.,  if 
AtiN-w^ > ^iW0)-  In  the  approximation  of  the  assigned  field 
AW+siW  =At(N)(a)'^AQ),^m(d)-  Using  (4.45),  the  condition  of  self-exitation 
can  be  rewritten  in  the  form 

(4.  ”6) 


A  /“»  s'  1 

fui  o-.fi  • 

1  HO  5 

formula 


ni  hm 

\  •  •  •  ~  j 


it  is  possible  to  use  a  more  graphic 


^  Q 


(4.47) 
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(fcr  the  ordinary  wave  of  the  subharmonic  in  the  examined  case),  where 
Q= - -  high  quality  of  the  Pabry-Perot  resonator.  The  term 

standing  in  the  left  side  of  inequality  (4.47)  can  be  called  the 
effective  modulation  factor  of  the  dielectric  constant  of  the  quadratic 
medium  M;  here  condition  (4.47)  has  the  same  form  that  of  the 
corresponding  condition  of  excitation  of  the  parametric  generator  '  1th 
lumped  parameters  [ 1^7 ] 1 . 

It  is  not  difficult  to  show  that  for  the  double-resonator  generator, 

instead  of  (4.47)  Af>—^===  •  If  the  process  of  establishing  oscillations 

V  QtQt 

in  parametric  generator  is  described  by  equations  (4.44),  the  change 
in  amplitudes  of  pumping  and  subharmonic  on  every  step  can  be  calcu¬ 
lated  by  using  solutions  of  the  type  (3*36)  and  (3.37). 

‘Thus,  in  the  theory  of  parametric  generation  in  the  distributed 
medium,  in  contrast  to  the  theory  of  diagrams  with  lumped  parameters, 
two  conditions  of  instability  appear:  the  condition  of  instability 
in  space  (4.6)  and  in  time  (4.47). 


We  have : 


Here 


AimW  - - 7====  secho,^,„  <?„„  —  «() . 

V  '■-{%} 

Af(N)  W  ”  *^<w  '  ^  °r  ow  (  *ow  • 


. ns) 

(4.49) 


4w=  y  ai+ 


\w~ 


•arth 


MW)  1 

<4  HO 


nON 


(4.50) 

(4.51) 


Quantity  /1+N.  (0)  can  be  calculated  in  terms  of  A{-{N_V  ( d );  here  one 
should  consider  that  part  of  the  energy  of  the  subharmonic  is  expended 
due  to  radiation  through  mirrors  and  owing  to  generation  of  the  wave 
of  frequency  2<o  (second  harmonic  of  parametric  oscillations).  The 
last  process  is  described  by  formula  (see  (3-36)),  and  the  boundary 
condition  (4.4lc) 


^»W-  V  x 

and  a  decrease  in  the  amplitude  of  the  subharmonic  A- {z)  occurs 
according  to  the  law  of  the  hyperbolic  secant  (3*37),  so  that: 

AtA°)  -  ^,,(0)  +  RJO)  RJdyA+^d)- sech  X 

X  [l^V R„{d)-At{N-2) (d)-d\ .  (4.53) 

Using  (4. M 8 )  —  ( 4 .53) ,  one  can  determine  law  of  the  establishment  of 
parametric  oscillations. 

nociiHo  r>r  h.o  onnmm'iat-p  1  (>nl  atl  nn  are  ci  vpn  on  the  <rranh 
of  Fig.  4-7.  Illustrated  here  are  laws  of  the  change  in  relative 

amplitudes  \ ~  and  Al  ■■=  as  a  function  of  the  number  of 

i^MO  ^HO 
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Fig.  4-7.  Process  of  estab¬ 
lishing  the  amplitude  of  steady- 
state  oscillations  in  the  de¬ 
generator.  Plotted  along  the 
axis  of  the  abscissae  is  the 
number  of  reflections  in  the 
resonator  N,  and  along  the  axis 
of  the  ordinates  -  reduced 

amplitudes  of  pumping  At =  — 

^HQ 

and  subharmonic  at  the 

outlet  mirror  of  the  resonator. 
The  parameter  4M3  0, i;  /?,„  (0)=o.99; 

/?„  (d)  =  0.99  • 


reflections  N,1  As  follows  from  the  given  graph,  the  efficiency  of 
the  parametric  generator  can  be  sufficiently  high.  Using  (4.48)- 
(4.53),  it  is  possible  to  obtain  calculation  relationships  which 
allow  determining  the  amplitude  of  stead-state  parametric  oscillations. 


Actually,  in  the  steady-state  operation 


—  2)  W  —  ^ly  (*0  •  (4.54) 


whence,  using  (4.48)  and  (4.53),  the  transcendental  equation  for  A 


Calculation  of  the  process  of  setting  when  4  /  0  shows  that  the 
fulfillment  of  conditions  of  self-excitation  with  a  growth  in  A 
becomes  all  the  more  difficult;  the  efficiency  of  the  parametric 
generator  with  a  growth  in  A  decreases,  and  the  process  of  establish¬ 
ing  oscillations  has  an  oscillator  character  (compare  Fig.  3-17a). 
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can  be  obtained.  The  solution  of  this  transcendental  equation  can 
be  obtained  graphically.  However,  in  the  case  when  losses  in  the 
nonlinear  medium  are  absent  and  the  value  of  the  parameter 
it  is  possible  to  obtain  (see  also  [14^])  the  approximate  expression 
for  the  stationary  amplitude  /lly  (d)  .  For  this  one  should  use  the 
energy  considerations.  In  the  steady-state  operation,  if  losses  in 
the  resonator  are  connected  on  iy  with  radiation,  we  have: 

[EJ  •  H£]  =  [E^p  •  H°tp]  +  [E™'  •  H“u']  +  2  [E‘UI  •  H;ux] .  ( 4 .  5  5 ) 

Here,  for  simplicity,  (0)=l  is  accepted  (energy  of  the  subharmonic 
emerges  from  the  resonator  only  through  the  right  mirror). 

~  [Ary  -  [Ary =2(1  -  ^  (<q)  A*t  (d).  ( n .  5  6 ) 


Although  in  general,  for  the  calculation  of  AIT1’  and  A™*  one 
should  use  formulas  of  the  form  (4.49)  and  (4.51),  and  for  a^od^l 
and  Ra(d)=t  1  it  is  possible  to  simplify  the  problem,  assuming  that 
in  the  steady  state  of  the  amplitude  of  the  direct  and  return  wave 
the  subharmonics  in  the  resonator  do  not  depend  on  coordinate  s  and 
are  approximately  equal  to  each  other,  i.e., 

4$  (z)  (z)  =*>$(<*).  (4.57) 

Using  (4.57)  and  boundary  conditions  (4.4lc),  as  a  result  of 
the  integration  of  (4.44b)  we  obtain: 

AT  =  At  (d)  =  Am  -  a,  (4)2  d.  (4.58) 

Ar~  CTj  {^»iy)2d  =  CTj  (/?iy)2d  .  (4.59) 


Substituting  (4.58)— (4.59)  into  (4.56),  we  obtain: 


i  p2  '<0  \ 

l  *—  1  *Oj  \u/  | 


atd 


) 


(4 .oU) 


According  to  (4.60)  the  amplitude  of  the  subharmonic  does  not  turn 
into  infinity  when  Rm  (d)  =  l:  losses  in  energy  occur  due  to  the 
generation  of  the  wave  of  double  frequency  by  the  return  wave  of 
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subharmonic  E~  .  This  (only  for  the  return  wave)  is  explained  by 
the  nonmonotonic  dependence  of  amplitude  on  parameter  a2d  (let  us 
recall  that  the  point  with  coordinates  /12=0  and  .4i=£0  on  the  phase 
plane  of  Pig.  3-6a  is  not  special). 


Using  (4.60),  one  can  determine  the  amplitudes  and  A°x p 


/tr =• 


A?v  =  A, 


Otd 

l-Rl(d) 


did 


(^ .61) 
( ^ .62) 


From  (i).6l)  there  follows  an  important  conclusion  -  the  amplitude  of 
the  wave  of  pumping  at  the  outlet  of  the  parametrically  excited 
optical  resonator  does  not  depend  on  the  amplitude  of  pumping  at  the 
input  Am.  The  latter  means  that  the  parametric  generator  is  simul¬ 
taneously  a  limiter  of  the  amplitude  of  oscillations  of  pumping; 
this  circumstance  was  noted  by  Siegman  [1^5] . 


The  examined  models  of  the  parametric  generators  are,  of  course, 
the  simplest.  In  principle,  by  introducing  resonance  elements  into 
the  configuration  of  the  amplifier  with  low-frequency  pumping  (see 
§  2  this  chapter),  self-excitation  of  oscillations  can  be  obtained 
at  the  frequencies  exceeding  the  frequency  of  pumping.  There  can  be 
definite  interest  also  in  the  parametric  generator  in  which  waves  of 
the  subharmonic  and  pumping  are  exchanged  by  energies  on  the  border 
of  the  nonlinear  medium. 


§  *1 .  Nonresonant  Parametric  Amplification 
in  a  Cubic  Medium 


*1.1.  Parametric  Amplification  in  a  Cubic  Medium  in 
the  Presence  of  a  Static  Field 

Inasmuch  as  in  the  presence  of  a  strtic  field  in  a  cubic  medium 
three-frequency  interactions  are  solved,  relationships  between 
frequencies  of  parametrically  interacting  waves  have  the  same  form 
as  that  for  the  case  of  the  quadratic  medium  [see  (4 ,1)-(M .  3)  ]  •  At 
the  same  time,  in  contras;  to  the  quadratic  medium,  an  essential 
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role  here  can  be  played  by  incoherent  nonlinear  effects  connected 
with  nonlinear  corrections  to  the  dielectric  constant  of  the  cubic 
medium.  An  especially  essential  role  of  incoherent  effects  appears 
in  conditions  close  to  saturation  of  the  amplifier;  a  change  in 
phase  speeds  of  interacting  waves  and  absorption  due  to  the  correction 
to  the  dielectric  constant  can  cause  a  decrease  in  the  amplification. 

Below  we  will  explain  that  stated  in  the  example  of  an  amplifier 
with  high-frequency  pumping.  In  the  approximation  of  the  assigned 
field  A .  =const,  the  amplification  of  "weak"  waves  with  frequencies 
ai.2*  “i +<*2  =  <*>,,  \  i4,?  is  described  by  equations  (just  as  in  Chapter  III, 

let  us  assume  wj,  o?,  (ou^oioi ) 


+  ffx  sin  -ffij  At  =0; 

02 

-~-Ar  oai4lli4lsin(l>  +  =*0; 

02 

-f  -  +  Aw  +  A<«>+  (*-£  +  a,^)^cos4»  =  0. 


('4.63a) 

(4.63b) 

(4.63c) 


Designations  in  equations  (4.63)  are  standard  ‘I>  =  <pt  +  <p2;  the  nonlinear 
detuning  (see  §  4  Chapter  III) 

A(,uj  —  Yi  +  Y*  +  Yj  &  •  (4.64) 

Let  us  note,  first  of  all,  that  the  presence  of  nonlinear  detuning 
considerably  affects  the  form  of  the  region  of  parametric  amplifica¬ 
tion  (more  accurately,  the  region  of  "instability  in  space"  of  the 
zero  state  of  equilibrium).  In  Fig.  4-8  there  are  constructed 
regions  of  instability  of  the  state  /l, =/?2=o  in  the  space  for  cased 
-0  and  fl12=£ 0  and  Yu.a  <0  (the  method  of  their  calculation  is 
absolutely  analogous  to  that  discussed  in  §  2  of  this  chapter).  It 
is  clear  that  in  contrast  to  the  case  of  the  purely  quadratic  medium, 
the  regions  of  instability  are  now  no  longer  symmetric  relative  to 
the  straight  line  A*'*=Q;  the  latter  is  fully  evident,  inasmuch  as  with 
the  growth  in  Aw>0  and  Yt<0  the  nonlinear  detuning  A^-=yl Aln  compen¬ 
sates  the  linear  at  large  valves  of  the  amplitude  of  pumping. 

However,  the  most  important  distinction  of  equations  (4.36)  from 
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Fig.  4-8.  Regions  of  parametric 
amplification  of  traveling  waves 
a  cubic  medium  occurring  under  in¬ 
fluence  of  a  static  field  in  coor¬ 
dinates  AW--4h(Yi.2.3<0)  . 


analogous  equations  (4.4),  which  correspond  to  amplification  in  a 
quadratic  medium,  is  che  fact  that  for  equations  (4.6 3)  there  are 
steady-state  solutions,  i.e.s  saturation  of  the  amplifier  can  occur 
in  the  assigned  field  of  pumping.  In  order  to  be  convinced  of  this, 
let  us  assume  in  (4.63)  —  =  —  =0. 

dz  dz  dz 

Then  from  (4.63a)  and  (4.63b)  we  have: 

-Ab .  (4.65) 

o*«t  ‘ 

Using  (4.65),  one  can  determine  the  steady-state  value  of  phase  <5: 

sin .  (4.66) 

...  r  fff  «r*.  . 

Using  (9)  and  (11)  for  the  steady-state  values  of  amplitudes,  we 
obtain : 


Here 


(4.67) 

(4.68) 
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2 


2 


2 


Mi\. 

MW* 

g|°»  \ 
Mi  /' 


Here  vi  and  Ya  are  linear  combinations  of  parameters  Yi.  Ya.  and  Ya- 


It  is  not  difficult  to  understand  the  physical  meaning  of  the 
obtained  result.  The  part  of  the  energy  transmitted  by  the  wave  of 
pumping  to  waves  of  frequencies  and  depends  on  the  value  of 
phase  <I>  =  cpi+<P2'  At  small  amplitudes  of  /l,  and  A2  the  value  of  phase 
O  is  determined  by  the  detuning 

A<.»  =  A(’>  +  Yli4^, 


and  here  sin  <I>~ — l  ,  and  pumping  with  a  reserve  compensates  losses  in 
the  medium.  With  a  growth  in  amplitudes  Ax  and  A2  the  value  of  the 
nonlinear  detuning  is  changed,  and  phase  <i>  departs  from  the  value 
corresponding  to  the  maximum  re  Lease  in  energy  of  pumping  to  the 
amplified  waves.  In  the  steady  state  amplitudes  of  waves  A,  and  A2 
do  not  depend  on  z,  and  phase  <Dy  takes  such  a  value  that  the  wave  of 
pumping  accurately  compensates  losses  in  the  medium  (see  (4.66)). 

When  fli,2=0,  sin  ‘&y=0.  Peculiarities  of  the  process  of  parametric  ampli¬ 
fication  of  traveling  waves  in  a  medium,  the  dielectric  constant 
which  depends  on  the  amplitude  of  the  wave,  can  be  very  visually 
illustrated  if  one  were  to  turn  to  an  examination  of  the  phase  plane 
of  the  amplifier.  In  the  presence  of  camping,  equations  (4.63)  yield 
to  analysis  on  the  phase  plane  in  the  case  =  o>s  = -y5  (so-called 

degenerated  conditions  of  amplificatio i) . 

Here  instead  of  (4.63)  we  have  (AL—A2  =  A,  q>t  =  <p2  =  9): 

■^■+oAMAsin2df+ ?>A —-0 .  (4.69) 

—  +  +  A(IU>  4-  oA„  cos  2qi  =  0. 

•  dz 

A*”’  =  Yx  Am  4*  v*  A*. 
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(4.70) 


In  accordance  with  (4 .66)-(4  .68)  in  the  degenerated  parametric 
amplifier 


A,  =  Y  -~{AW  +  Yi^o  +  2fij/  ^2-1 


(4.71) 


and 

***~ysi F‘  (4-72) 

From  (4.72)  it  follows  that  in  the  degenerated  parametric  amplifier 
of  the  traveling  wave  four  steady-state  phases  are  possible  (these 
phases  are  counted  off  from  the  phase  of  the  wave  of  pumping);  here 
only  two  prove  to  be  stable.1 

Figure  4-9  gives  a  phase  plane  corresponding  to  the  system 
(4.69)  —  (4.70)  •  Here,  just  as  before,  X=A  sin  q>,  Y*=Acosy.  An  analysis 
of  the  structure  of  the  phase  plane  can  be  conducted  by  the  usual 
methods  of  the  theory  of  oscillations.  Singular  points  corresponding 
to  the  steady  states  here  prove  to  be  focuses.  The  character  of  the 
behavior  of  phase  trajectories  at  great  distances  from  the  origin  of 
the  coordinates  is  easily  established  by  calculating  the  tangent  of 
the  angle  between  the  phase  trajectory  and  radius  vector: 


=  -  jf?  =  +  Yt  +  V2A2  +  oAiio  cos  29 

dA  a/4,,0  *in  2q>  +  6 


(4.73) 


From  (4.73)  it  is  clear  that  when  A  —  oo  the  angle  between  the  phase 
trajectory  and  radius  vector  A2=X2+Y2  approaches  90°  -  at  large  A 
the  phase  trajectories  twist  around  the  origin  of  the  coordinates 
and  approach  the  circumferences  in  form. 


In  Fig.  4-9a  the  phase  plane  is  constructed  for  that  region 
where  zero  state  of  equilibrium  is  unstable  —  the  amplitude  of  the 


'The  presence  of  two  stable  waves  with  different  phases  is  of 
considerable  interest  from  the  point  of  view  of  applications  (see 
[56],  [133]). 


115 


Pig.  4-9.  Phase  plane  of  a  degenerated  parametric  amplifier  of 
a  traveling  wave,  the  limitation  of  the  amplitude  of  growing 
waves  in  which  occurs  due  to  the  nonlinear  corrections  to  the 
dielectric  constant:  a)  the  relationshio  between  the  linear  and 
nonlinear  detuning  is  such  that  there  exist  two  stable  states 
with  amplitudes  and  phases  unequal  to  zero  distinguished  by  tt  ; 
b)  the  zero  state  of  equilibrium  is  stable;  besides  it  there  are 
still  two  stable  states  with  amplitudes  different  from  zero 
(region  of  stable  amplification). 


weak  wave  supplied  to  the  input  grows  in  space.  (Here  |Aw  +  Yi/lLI< 

<  / oJ^-4s.)  Behavior  of  the  amplitude  and  phase  of  the  amplified 
signal  in  space,  which  corresponds  to  the  phase  plane  of  Fig.  4-9a, 
is  shown  in  Fig.  4-10.  The  parameter  of  curves  here  is  served  by 
the  boundary  phase  f(0)=«p0.  From  the  given  curves  it  is  clear  th_t 
the  process  of  amplification  occurs  here  in  such  a  way  that  at  first 
the  phase  of  the  signal  takes  a  value  corresponding  to  the  appearance 
of  the  negative  absorption  on  the  frequency  of  the  signal.  Here 
there  starts  the  exponential  growth  of  amplitude  A.  When  /I  — yly  the 
phase  somewhat  departs  from  the  optimum  -  the  amplifier  is  saturated, 
and  the  approach  to  conditions  of  saturation  in  the  examined  medium 
has  an  oscillatory  character. 

An  Interesting  peculiarity  of  parametric  amplification  in  the 
cubic  medium  is  the  presence  here  of  very  specific  conditions  of 
"stable"  amplification  appearing  only  at  large  amplitudes  of  the 
signal  A(0)>Anp.  Actually,  although  at  sufficiently  large  A1'"  >0  the 
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parametric  amplifier  of  a  traveling  wave,  in  which  the  limitation 
of  the  amplitude  occurs  due  to  nonlinear  corrections  to  the  di¬ 
electric  constant.  The  parameter  of  curves  serves  as  the  boundary 

phase  tpo  . 

zero  state  of  equilibrium  is  stable,  here  at  the  same  time  the 
stabilized  amplitude  Ay  can  be  different  from  zero  [see  (4.71)]. 

The  phase  plane  corresponding  to  conditions  of  "stable  amplification" 
is  constructed  in  Fig.  4-9b.  (Here  4*  Yi^h >  6*) • 

4.2.  Parametric  Amplification  with 
Four-Frequency  Interactions 

In  the  absence  of  a  static  field  to  the  youngest  of  nonlinear 
interactions  in  a  cubic  medium  is  the  four-frequency.  Therefore, 
here  the  intense  wave  of  pumping 

=  C(A  exp  i  (a„/  —  k„r) 

can  transmit  energy  to  weak  waves  the  frequencies  and  Wg  and  wave 
numbers  kt  k2  of  which  satisfy  relationships  of  the  form: 
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(i)(, +<0!  —  2fl)M;  (4.74a) 

ki  +  ka =  2k„.  (4.74b) 

Let  us  note  that  if  one  were  not  interested  in  conditions  of  satura¬ 
tion,  calculation  of  the  amplification  here  can  De  conducted  by 
proceeding  from  the  model  of  the  medium  with  variable  parameters 
(see  §  4  of  Chapter  II)  —  presenting  the  dielectric  constant  of  the 
cubic  medium  in  the  form: 

e  (/,© ,  z)  =  e0  (u)  -f  M  e'  1  \  (4.75) 

where  the  z  axis  is  selected  in  the  direction  of  vector  k„,  and  2=:2o)lt, 
k<2*=2k,.  Here  the  modulation  factor  of  the  dielectric  constant 
and,  consequently,  the  factor  of  accretion  F0  is  here  proportional 
to  the  square,  but  not  the  first  degree  of  the  amplitude  of  pumping 
as  takes  place  in  the  quadratic  medium  [see,  for  example,  ( 4 . 8d ) ] . 

It  is  interesting  to  note  that  in  the  examined  amplifier  it  is 
comparatively  simple  to  satisfy  the  condition  of  synchronism  (4.74b). 

Q 

Indeed,  for  conditions  close  to  the  degenerated  g>,  =*  —  =■=  wH ,  the 
electromagnetic  wave  carrying  out  modulation  of  parameters  of  the 
cubic  medium  has  a  frequency  close  to  frequencies  cf  amplified  waves. 

We  will  not  more  specifically  discuss  the  analysis  of  parametric 
interactions  of  the  type  (4.74)  -  the  smallness  of  cubic  nonlinearity 
in  real  optically  transparent  media  makes,  in  any  case  at  present, 
an  experimental  realization  of  these  interactions  difficult.  Let  us 
note  also  that  interactions  of  the  type  (4.74)  are  not  realized  now 
and  in  the  radio-frequency  band  (although  in  the  theoretical  work 
Pountana,  Pantell  and  Smith  [162]  there  was  noted  the  possibility 
of  parametric  excitation  of  oscillations  in  the  millimeter  range, 
with  the  use  of  cubic  nonlinearity  of  molecules  of  gas  for  V/cm 

and  high  quality  of  the  resonator  Q=*I0*). 

§  5 .  Resonance  Parametric  Effects  -  Forced 
Combinational  Scattering 

Thus  far  in  examining  parametric  effects,  we  originated  c 
tially  from  the  model  of  the  nonlinear  medium  introduced  in  Chapter  T 
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and  described  by  equations  (1.17)  and  (1.41).  In  the  indicated 
model,  in  examining  the  nonlinear  addition  to  potential  energy  there 
were  considered  only  normal  oscillations  possessing  a  dipole  moment 
different  from  zero  and  therefore  directly  connected  with  the 
electromagnetic  field.  At  the  same  time,  in  the  molecules  symmetric 
oscillations  not  possessing  the  dipole  moment  and  appearing  therefore 
in  absorption  spectra  are  possible.  In  a  linear  approximation, 
symmetric  oscillations  of  atoms  (natural  frequencies  of  these  oscil¬ 
lations  lie  usually  in  the  infrared  range)  and  the  electron  oscilla¬ 
tions  determining  the  polarizability  are  accomplished  independently 
of  each  other.  Another  situation  takes  place  if  one  were  to  consider 
nonlinear  terms  in  the  expression  for  the  potential  energy  of  the 
molecule . 

In  order  to  explain  what  has  been  said,  we  will  examine  the 
isotropic  medium,  for  example,  liquid.  Let  us  designate  by  x  the 
normal  coordinate  of  oscillations  of  atoms  in  a  molecule  of  the 
examined  medium  and  by  y  -  the  normal  coordinate  of  oscillations  of 
the  electrons. 

In  the  isotropic  molecule  the  expression  for  potential  energy, 
taking  into  account  the  younger  nonlinear  terms,  has  the  form: 

U  -  ^-/rJCs+Y/y*+alx,+  aiz*y  +  cuyI  +  aay9-  (4.76) 

Here  F  and  /  -  "elasticities"  of  bonds  in  the  molecule.  Terms  of  the 
third  order  describe  the  different  nonlinear  effects  connected  with 
motions  of  atoms  and  electrons  and  with  their  interaction.  Coeffi¬ 
cient  a  determines  the  anharn.onicity  of  oscillation  x,  coefficient 
-  the  anharmonicity  of  electron  oscillations  (see  Chapter  I),  and 
coefficients  and  a  —  nonlinear  interactions  of  oscillations  x  and 
y .  It  is  not  difficult  to  see  that  coefficient  a  determines  the 
phenomenon  of  combination  scattering  well-known  in  optics.  Actually, 
taking  into  account  this  term  the  equation  of  motion  for  the  normal 
coordinate  y  in  the  presence  of  an  external  electrical  field  has  the 
form: 


+/y  +  2<uy  =  eE • 

at*  at 


(4.77) 


119 


(the  molecule  is  considered  isotropic). 


With  the  help  of  equation  (*1.77)  it  is  possible  to  construct 
the  usual  "modulation"  theory  of  combination  scattering.  Here 
assigned  oscillations 

x  =  X  (/)  exp  i  [cou/  +  <p  (/))  -f-  complex  conjugate  (**.78) 

(amplitude  X(t)  and  phase  «p (/).  in  general,  are  random  functions  of 
time,  inasmuch  as  the  motion  x  is  thermal)  modulate  the  natural 
frequency  of  the  electron  oscillations: 

“.  =  “*>  {1  +  m (i) cos [ay +  9 (/)]),  (it .  79) 

where  “>o=~ -•  In  the  presence  of  modulation  of  the  form  (4.79)  the 

spectrum  of  the  field  dispersed  with  respect  to  the  molecule  contains, 
obviously,  besides  the  frequency  of  the  incident  wave  w,  components 
at  frequencies  u  -  o)Q  and  to  +  ioQ  -  so-called  "Stokes"  and  "anti- 
Stokes"  spectral  components. 

It  is  necessary  to  consider,  however  that  not  always  can  oscil¬ 
lations  of  x  be  examined  as  assigned.  Actually,  taking  into  account 
the  term  axy2  the  equation  for  the  oscillation  x  has  the  form: 

A1-^+/?£-  +  f*  +  a^==0  (*1.80) 

at*  cu 

(filed  E  does  not  directly  act  on  oscillation  x;  calculation  of 
forces  of  thermal  origin  inducing  oscillations  (*1.78)  for  the  future 
is  immaterial). 

If  field  E  is  harmonic 


E  =  E0  exp  i  (m/  —  kr) 

and  (o>©0.  the  presence  of  term  ay7  in  (**.80)  does  not  play  an  important 
role:  it  is  possible  not  to  consider  influences  at  frequencies  w'  =0 
and  o>"  =  2o)  connected  with  it.  However,  if  field  E  is  a  superposition 
of  two  waves,  the  difference  frequency  of  which  cdj— the  term  ay* 
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has  on  oscillations  an  x  resonance  effect.  In  the  first  case  the 
simple  "modulation"  treatment  of  combination  scattering  is  inappli¬ 
cable;  and  there  appears  a  more  complex  effect,  which  we  will  subse¬ 
quently  call  "forced"  combination  scattering. 

Let  us  examine  forced  scattering  iu  more  detail.  Let  us  assume 
that  on  falling  the  isotropic  medium  described  by  (4.76),  (4.77), 
(4.80)  are  two  monochromatic  waves,  which  we  will  call  the  wave  of 
the  signal  (frequency  and  wave  of  pumping  (frequency  o>H  )  so  that 

E  =  5c  +  E„  =  Eco  exp  i (aj  -  kcr)  +  EH0  exp  i («„/-  kMr).  ( 4 . 8 1 ) 

We  will  consider  that  vectors  k,.  and  k„  are  colllnear;  let  us  direct 
the  z  axis  along  the  normal  to  the  boundary. 

Amplitudes  of  waves  in  the  medium,  as  usual,  will  be  considered 
slowly  changing  functions  z.  For  simplicity  let  us  assume  also  that 
®c.“h«w,0,  so  that  instead  of  equation  (4.77)  it  is  possible  to  write 
the  "quasi-static"  equation  of  the  form: 

fy  +  2axy  =  eE.  (4.82) 

Being  interested  only  in  stationary  forced  oscillations  of  the 
molecule,  let  us  look  for  solutions  for  coordinates  x  and  y  in  the 
form: 

.  x  =  Xel  * wH_<Jc)i  4.  complex  conjugate; 
y  =  +  V'e1**1  +  complex  conjugate.  (4.83) 

Here,  in  general,  it  is  not  assumed  that 

<i>u — G)c=CD0  = 

From  equations  (4.80)  and  (4.82)  there  are  relations: 

/Yc  +  aX*YK  =  eEce-lkcr  ;  fYM  +  aXYc=eEH<f'k»r’;  (4.84a) 

o)06  (A  +  /)*+  -5.  (Y*Ym)  =0,  (4.84b) 

“here  4  =  »-£■ 


Prom  (4  84)  there  are  easily  obtained  relation  for  amplitudes 
*YC  and  Y„,  which  with  multiplication  by  eN  pass  into  expressions  for 
amplitudes  of  polarization  at  frequencies  of  the  signal  and  pumping 
(we  retain  only  components  connected  with  nonlinear  terms): 


2«PC  =  q 


(  Ec  K) 


E„;  2nP„ 


(ehe;)f 


Cl.  85) 


where 


2rt#gV» 


In  general  polarizations  of  waves  Eco  and  EH0,  entering  into  the 
examined  medium  do  not  coincide.  With  the  propagation  of  the  waves 
in  a  nonlinear  medium,  their  polarizations  are  changed  [see  (4.85)]. 

Here  one  should  note  one  peculiarity  connected  with  the  deriva¬ 
tion  of  truncated  equations  of  the  nonlinear  isotropic  medium.  Let 
us  remember  that  in  the  propagation  of  waves  in  a  greatly  aniso¬ 
tropic  medium,  as  can  be  seen  from  Chapter  II,  the  weak  nonlinear 
polarizability  of  the  medium  cannot  essentially  change  its  polariza¬ 
tions  c,.  Therefore,  truncated  equations  described  the  change  in 
scalar  amplitude  of  the  wave  A(r,t)  without  a  change  in  its  polariza¬ 
tion  e.  In  the  examined  case  (isotropic  medium)  any  direction  of 
vectors  Ec  and  E„  lying  in  planes  perpendicular  to  vectors  sc  and  s,„ 
accordingly,  is  the  natural  one.  Therefore,  the  truncated  equations 
describing  the  change  in  amplitudes  of  waves  both  in  magnitude  and 
in  direction  must  be  vector  equations. 

As  was  already  indicated,  here  we  will  limit  ourselves  to  the 
simplest  but  also  most  interesting  case  when  vectors  kc  and  k  are 
collinear.  Here  spectral  components  of  the  vector  of  nonlinear 
polarizability  Pc  and  P„  are  located  in  a  plane  perpendicular  to 
vectors  kc  and  k„.  Then  the  truncated  equations  describing  the 
behavior  of  the  vector  amplitudes  of  the  waves,  have  the  form 
(compare  §  3  of  Chapter  II): 

*  =  M!-iA)(E;E,)E,;  ^  =-P„0  +M>(EhE;)E„  (>1.86) 
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where  ft  =*  - 5jS-1 -  Prcm  equations  (4.86)  it  immediately  follows 

*c.H  A 

cos*  c„  x(l-t-A*) 

that  if  Et  and  EM  are  peroendicular ,  there  is  no  Interaction  of  waves.1 
Let  us  introduce  new  coordinate  zu z2  and  23,  selecting  the  23  ax  3  along 
the  direction  of  the  propagation  of  the  waves.  Vector  differential 
equations  (4.36)  allow  several  first  integrals  of  the  form: 

isL^L  +  ,.and  [EcEh]  =  3  ( 4 . 87 ) 

Pc  PH  Pc 

Here  and  Etl  —  projections  of  vectors  Ec  and  E„  on  the  z,  axis;  C//t 
and  B  -  scalar  and  vector  constants. 

The  first  of  the  relations  (4.87)  can  be  interpreted  as  the  law 
of  conservation  of  the  number  of  quanta.  For  example,  in  the  case  of 
the  linear  polarization  of  the  waves,  for  /=/  the  first  relation  of 
(4.87)  obtains  the  form: 


+  (4.88) 

where  N,  -  number  of  quanta  of  corresponding  frequency  polarized 
along  the  zi  axis,  which  passes  through  the  area  element,  perpen¬ 
dicular  to  the  2j  axis. 

Thus,  just  as  in  the  theory  of  nonresonant  parametric  amplifi¬ 
cation  of  equation  (4.86)  it  is  possible  to  examine  the  following 
separately  for  two  conditions: 

1.  Conditions  of  the  amplification  in  che  assigned  field  of 
pumping  (linear  conditions).  In  this  case  the  second  equation  of 
(4.86)  can  be  disregarded.  Decomposing  the  vector  amplitude  of  the 
signal  £c  on  components  parallel  to  the  field  of  pumping  EC|I  and 

perpendicular  to  Ecx  |e,Ec|  =0; Ef*Elt=  ■—  j,  instead  of  the  first  equation 
(4.86)  we  have: 


^bis  is  accurate  only  for  liquids  consisting  of  isotropic 
molecules . 
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(4.89a) 


and,  consequently, 


2e=  Ec  x  (°)  4-  Ec ,  (°)^ ?c  ,.Eh1*' 


(4 . 89b) 


Maximum  amplification  takes  place  for  E„iiEc  (0)  and  A  =0.  Here  for 
the  factor  of  accretion  we  have  r„  =  |EB1*  ~ In  the  medium  possessing 

cos  sz 

losses  at  frequency  tnC)  the  exponential  growth  Ec  will  take  place  only 
when  E„>En0p  [see  (4.7)3. 

2.  Conditions  of  amplification  in  which  there  becomes  essential 
a  reverse  reaction  of  the  wave  of  the  signal  on  the  wave  of  pumping 
are  conditions  of  saturation  of  the  amplifier.  An  analysis  of  these 
conditions  represents  the  primary  interest  from  the  point  of  view  of 
the  theory  of  the  parametric  generator,  which  uses  the  phenomenon  of 
forced  combination  scattering.  Here  equations  (4.36)  must  be  solved 
jointly.  An  analysis  of  equations  (4.86)  shows  that  if  A=/=0  and 
vectors  Ec  and  E,  are  not  collinear,  the  linearly  polarized  light 
passes  in  the  examined  medium  into  an  elliptically  polarized  light. 
Here  rotations  of  vectors  E„  and  Ec  with  the  propagation  of  waves 
along  the  z  axis  occur  in  various  directio.s.  Conversely,  when  A=0, 
the  linearly  polarized  light  entering  into  the  medium  remains  such 
even  when  vectors  Ec  and  E„  are  not  parallel. 


For  linearly  polarized  waves,  the  value  of  angle  <p  between 
vectors  Ec  and  E„  is  determined  by  the  expression: 

sin*  ib  =  WV- 

* 

The  law  of  the  change  in  moduli  of  amplitudes  Ec  and  E„  can  be 
obtained  if  one  were  to  use  the  relation 


Kwr+iw-pv-w 


(4.90) 
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then 

=  2ft.  (|EH|aEc|* — |B|*);“  [EhI*  =  -2piI(|EH|*.|E£|t-|B|*).  (4.91) 

The  solution  to  these  equations  has  the  form: 

lEeP  »  C  +A-l~Ge~~  ;  |E„|*  =  &  (C  -  |EC|*).  (4.92) 

1  -f-  Ge~^  ha*  Pc 

Here 

A  =  l/  C-fl®!1  ;  2C  =  CU  +  C„;  G— - & - . 

V  P“  a-Jmej. 

Pa 

The  solutions  of  (4.92),  if  they  are  examined  for  all  values  s 
(and  not  only  for  the  positive),  determine  the  energy  transitions 

from  the  state  at  z=—  co  when  iEc|*  =  C  —  A  |EH|*  =  5a(C.+  A)  and  to  the 

Pc 

state  at  z-  +  co  when 

|Ee|*  =  CfA;  |E„P-|a(C-A).' 

Pc 

Thus,  in  the  process  of  the  propagation  of  waves,  when  E„,Ec=£=0 
the  energy  of  the  wave  of  pumping  passec  to  the  wave  of  the  signal. 

The  maximum  value  of  the  amplitude  of  the  signal  at  the  outlet 
of  the  system  is  determined  by  relationship  of  the  Manley-Rowe  type 
[see  §§  3  -4  of  Chapter  II): 

£>(»)=  ^£>0.  (H.93) 

Neither  parameters  of  the  substance  nor  detuning  <eH-- ©j  — .(o0 
enter  into  (4.93).  Of  course  the  less  distance  at  which  there  is 
attained  a  maximum  power  of  the  signal,  the  less  the  detuning  and 
the  greater  the  parameter  q. 

If  the  examined  medium  is  placed  in  the  Pabry-Perot  resonator, 
tuned  to  a  frequency  ~<oH— in  it  parametric  oscillations  at  a 
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frequency  equal  to  <aH to0  can  be  self-excited.  The  condition  of  self¬ 
excitation  of  parametric  generator  can  be  obtained  absolutely 
analogous  to  that  which  was  done  in  §  3  of  this  chapter;  here  one 
should  consider  that  in  the  parametric  generator,  using  forced 
combination  scattering,  amplification  of  the  signal  takes  place  both 
for  direct  and  for  return  waves. 


Designating  by  R.  and  Rn  reflection  factors  of  mirrors  at 

1  a 

frequency  a)*— <o0,  for  the  condition  of  self-excitation  we  have: 


>  i  —  R\R\  _  J_ 

*C  M  Q 


01.9*0 


d  —  distance  between  the  mirrors  (compare  (*J.*<7)). 


The  magnitude  of  the  stationary  amplitude  in  the  examined 

generator  is  determined  by  the  reaction  of  parametrically  excited 

oscillations  on  pumping;  therefore,  formula  (4 -93)  together  with  the 

maximum  amplitude  of  the  signal  at  the  outlet  of  the  amplifier 

determines  in  order  of  magnitude  the  efficiency  of  the  generator. 

I.ei,  us  note  that  inasmuch  as  usually  —  >1  (frequency  of  the  signal 

w  o 

lies  in  the  optical  range,  and  frequency  of  symmetric  oscillations  - 
in  the  infrared)  the  efficiency  of  the  parametric  generator,  which 
uses  the  phenomenon  of  forced  combination  scattering,  should  be  quite 
high  and  reach  tens  of  percent.  The  polarization  of  oscillations 
of  the  generator  will  coincide  with  the  polarization  of  the  wave  of 
pumping. 

It  is  interesting  to  compare  characteristics  of  amplifiers  and 
generators  using  the  phenomenon  of  forced  combination  scattering 
with  characteristics  of  similar  devices  using  the  nonlinearity  of 
electron  polarizability  (see  §§  2-*J  of  this  chapter).  In  both  cases 
the  process  of  amplification  is  the  result  of  the  disintegration  of 
photons  of  pumping,  however,  if  for  nonresonant  interactions  with 
disintegration  of  a  photon  of  frequency  to,  there  appear  two  photons 
of  frequencies  o>lt  u,  (mj  +  <ot  =  &)„),  with  forced  comoination  scattering 
part  of  the  energy  of  the  photon  to.  is  transmitted  to  the  wave  of 


126 


frequency  o0,  and  the  remainder  is  transmitted  to  molecular  oscil¬ 
lations  at  frequency  <d0.  The  last  circumstance  is  the  reason  for 
the  fact  that  with  forced  combination  scattering  the  stored  inter¬ 
actions  occur  independently  of  dispersion  properties  of  the  medium. 

The  energy  exchange  between  waves  of  pumping  and  the  signal  is 
accomplished  by  the  means  of  molecular  oscillations;  the  phase  of 
the  latter  is  established  each  time  as  optimum  from  the  point  of 
view  of  energy  transfer  from  the  wave  of  pumping  to  the  wave  of  the 
signal.  Witn  nonresonant  inter  actions  the  indicated  energy  exchange 
is  carried  out  with  the  help  of  che  electromagnetic  wave  of  the 
difference  frequency;  its  phase  is  determined  by  dispersion  properties 
of  the  medium.  In  accordance  with  what  has  been  said,  if  conditions 
of  synchronism  for  waves  of  frequencies  o)e  and  <db— o>c  cannot  be 
carried  out,  the  appearance  even  small  dipole  moments  for  molecular 
oscillations  (weak  coupling)  can  considerably  worsen  characteristics 
of  amplifiers  and  generators  on  forced  combination  scattering. 

The  band  of  the  amplifier  on  forced  combination  scattering  is 
determined  by  the  quantity  6,  i.e.,  relaxation  time  of  oscillation  x. 

Thus  far  we  were  limited  to  examination  of  behavior  of  only 
Stokes  components  of  lines  of  combination  scattering  in  the  field  of 
the  intense  wave  of  pumping. 

Interesting  effects,  in  a  certain  sense  similar  to  those 
examined  in  2.3  of  §  2  of  this  chapter  to  parametric  effects  with 
low-frequency  pumping,  can  be  observed  on  anti-Stokes  components. 

In  this  case  the  field  in  the  medium  should  be  presented  in  the  form 
of  the  superposition  of  not  two  but  at  least  three  waves:  with 
frequencies  <i)H;  (oc as ©„  —  ©o;  to,  =* toM  -f  co0  [compare  with  (4.21)] 


E  =  E„  +  Ei  +  E8  =  E„  (|iz)  exp  i  (<oHt  —  kHr)  + 

+  Ee (pz) exp i(ut/  - k,r)  +  Ea (pz) exp  /(©*/  - k,r).  (^  95) 

For  vector  amplitudes  EH,  fc‘c,  and  E,  there  can  be  obtained 
truncated  equations  absolutely  similar  to  that  which  was  done  above. 
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Conducting  the  corresponding  computations,  we  arrive  in  the 
examined  case  to  the  system  of  three  truncated  equations  for 
amplitudes  E,„  Ec,  and  E,.  In  the  assigned  field  of  pumping  the  system 
is  reduced  to  two  equations  for  slowly  changing  amplitudes  Ec  and  Ea: 

ir  =  Ml  -  «A)  [(E;En)*«M  2kM>r_|_ (E*EC)]  Eh;  ( 1| .  96 ) 

~=  -  Pad  +  *A)  [(*<)+  (E„E*)g/(kc  +  k,— 2k„)rj  E„  ‘  (  *1  .  97  ) 

Right  sides  of  equations  (*1.96)  and  (*1.97)  do  not  contain  oscillatory 
terms  and,  consequently,  stored  effects  are  possible  if 

2kH~kc  +  k..  (*1.98) 

Thus,  if  the  stored  interaction  of  the  field  of  pumping  with 
the  Stokes  component  takes  place  in  a  wide  interval  of  angles  k„Akc 
(let  us  note  that  collinear  vectors  kl(  and  kc  were  introduced  above 
only  for  simplicity),  the  stored  interaction  of  the  field  of  pumping 
the  anti-Stokes  component  takes  place  only  in  fixed  directions 
determined  by  formula  (*1.98). 

Physical  meaning  of  (*1.98)  can  be  explained  in  the  following 
way.  The  energy  exchange  between  waves  with  frequencies  «„  and  <uc 
and  oiH  and  t <k  is  produced  by  the  means  of  the  same  molecular  oscilla¬ 
tions  having  the  frequency  w0.  Both  shown  interaction  will  lead  to 
stored  effects,  if  optimum  energy  exchange  for  them  was  carried  out 
during  the  same  phase  of  molecular  oscillations  (compare  ( *1 . 18 ) ) . 

An  analysis  of  equations  (*1.96)  and  (*1.97)  will  be  conducted 
in  the  simplest  case  A  =0;  the  amplitude  of  pumping  will  be  considered 
real,  and  for  simplicity  we  disregard  dispersion  of  the  medium  in 
band  o)K— o)0>  <o,-}-co0.  Then  equations  (*1.96)  and  (*1.97)  become  scalar 
(condition  (*1.98)  is  fulfilled  for  one-dimensional  interaction)  and 
acquire  the  form: 

4g-  =  r <(£«:  +  £.); 

^-  =  -r.(Ec  +  £I), 
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(*1.99) 

(*1.100) 


where  rcy=pc££  r»  =  P.£M- 


It  is  easy  to  obtain  a  general  solution  of  these  equations  for 
conditions : 

2  =  0;.  £c(0)  =  £„;  Et (0)  =  £w 

It  has  the  form: 

bm  -  -  ■T— {r.e„  [i  ]  + 

'  +Ew[rc— r^-(r*-rc)‘]}  (4.ioi) 

EJA  -  -j~  {r^  [i~<r  <  r*"r^  ]  + 

+Ecd[r,— rec"(r*-Tc)*]j.  (ii .  102) 

From  expressions  ( 4 . 101)-(  4  .  102)  it  follows  that  when  2-*- oo  amplitudes 
Ec(z)  and  £,  (z)  approach  stabilized  values  determined  by  relationships: 

Ev  =  [»cE»0  +  f.Etol ;  -  (/J.103) 

V"“ l^rT  fr*£«+  ( 4 .  10H ) 

The  character  of  the  change  in  amplitudes  Ec  (z)  and  £,(2)  with  the 
coordinate  is  determined  by  the  relationship  of  the  boundary  ampli¬ 
tudes.  If 


£»  +  £w>0,  (*1.105) 

then  —  £ay>— £# o  ,  and  amplification  of  the  anti-Stokes  component 
takes  place.  With  fulfillment  of  the  inequality  opposite  the 
inequality  (4.105),  —  £«*<— Ea0  and  the  amplitude  of  the  anti-Stoke 
component  decreases  with  distance. 

It  is  necessary  to  note  that  in  an  isotropic  dispersive  medium 
condition  (4.98)  cannot  be  carried  out  for  waves  of  one  direction; 
therefore,  coherent  radiation  of  anti-Stoke  components  in  a  liquid 
excited  by  an  intense  parallel  beam  of  the  laser,  occurs  in  the  cone 
by  the  solution  6*=*—  —  («,— nc),  the  axis  of  which  coincides  with  the 

nH 


axis  of  the  beam  of  basic  radiation.  Here  nB,  n«,  and  /*«  are  indices 
of  refraction.  The  corresponding  radiation  of  Stokes  components  in 
this  case  also  occurs  at  an  angle  to  the  vector  k„.  Finally,  besides 
components  o)H— co0  and  £ou+o)0  >  in  the  medium  highest  combination 
frequencies  are  also  excited  —  (oH^na>0  (n=2,3...,  see  also  [205,  20 8 ] )  - 
The  spatial  structure  of  this  radiation  (see  Fig.  4-11)  can  be 
established  on  tne  basis  of  an  analysis  of  dispersion  relationships 
of  the  type  (4.98). 


Fig.  4-11.  Diagram  characterizing 
the  spatial  structure  of  the  radia¬ 
tion  of  anti-Stokes  components  with 
forced  combination  scattering  of  a 
plane  monochromatic  wave  in  an  iso¬ 
tropic  dispersive  medium.  The  anti- 
Stokes  component  with  a  frequency 
*4  =  wh  +  *o  is  radiated  in  the  cone  of 

directions  determined  by  the  rela¬ 
tion  2  k„  =  kc-f-ita.  Here  directions  are 

shown  in  which  there  occurs  radiation 
of  the  component  of  a  higher  order 
“a  =  WH  +  2*0  k'=3kM—2kc  ■ 

Thus,  the  expounded  theory  of  forced  combination  scattering 
permits  not  only  giving  a  qualitative  treatment  of  the  mechanism  of 
the  phenomenon  but  also  obtaining  a  number  of  quantitative  results. 
Here  constants  (ct,  P)  should  be  determined  from  the  quantum-mechanical 
calculation  or  by  experimental  means.  Quantum  treatment  of  the 
phenomenon  of  forced  combination  scattering  is  given  in  [156]  and 
[200].  It  is  necessary  to  note,  however,  that  ir  the  mentioned 
works  the  analysis  is  limited  only  to  the  outlet  of  conditions  of 
the  excitation  of  oscillations  on  Stokes  components  (for  parametric 
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effects  in  quantum  systems  see  also  (163)).  In  conclusion  of  this 
section  one  should  stress  that  the  problem  above  examined  on  forced 
combination  scattering  is  the  simplest.  Let  us  note,  first  of  all, 
that  calculation  of  the  anisotropy  of  electrical  properties  of 
molecules  leads  to  the  conclusion  concerning  the  possibility  of 
interaction  in  the  medium  consisting  of  such  molecules  of  waves  at 
frequencies  o>H  and  a,.  =* ioH  —  ui0  (Rayleigh  and  Stokes  component)  with  any 
polarizations  of  the  indicated  waves  (compare  with  equations  (4.86)). 

Interesting  parametric  effects  can  be  connected  with  terms  of 
the  fourth  order  in  the  decomposition  of  potential  energy  ^4.76).  A 
diagram  of  the  classical  calculation  of  the  indicated  effects  - 
effects  of  forced  combination  scattering  of  the  second  order,1  is 
analogous  to  that  stated  above.  An  addition  to  the  potential  energy 
(4.76)  in  the  simplest  case  of  two  normal  oscillations  has  the  form: 

Ai/  =  §lX*  +  fa3y  +  +  P«xy»  +  p,y«.  (4.106) 


The  passive  combination  scattering  of  the  second  order  is 
described  by  the  term  with  pa;  in  equation  (4.77)  force  of  the  form 
2Pj x*y  is  connected  with  it.  A  reverse  reaction  to  the  molecular 
oscillations  is  carried  out  due  to  the  force  2p 3xy*  in  equation  (4.80). 
The  latter  means  that  in  contrast  to  scattering  of  the  first  order 
a  reverse  reaction  here  has  the  character  of  the  parametric  effect 
on  oscillations  x  (see  4,80).  Coherent  molecular  oscillations  here 
can  appear  only  under  the  condition  of  an  excess  in  the  threshold 
of  parametric  excitation.  An  Interesting  effect  can  be  connected 
with  the  term  at  p4;  here  appearance  of  forced  combination  scattering 
with  a  frequency  of  +  m' —  u  is  possible  with  excitation  of  the  medium 
by  biharmonic  pumping  of  the  form: 


.  «?' 


P  •'  -  K  ■)  +  K  exp  I -  K  r) 


(4.107) 


(in  the  degenerated  case  ucz=<o’=w  the  "Stokes"  component  2®a  — <a, 

w  HUM 

appears) . 


xFor  the  usual,  "passive,"  scattering  of  the  second  order,  see 
Ye.  F.  Gross,  P.  Pavinskly,  A.  Stekhanov  UFN,  1951,  XLIII,  No.  4,  536. 
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F:.r  an  interaction  of  the  last  type  coherent  molecular  oscilla¬ 
tions  are  excited  just  as  in  the  case  of  scattering  of  the  first 
order  (corresponding  force  in  ( M  .80)  ~ P<i/3  )•  Let  us  note  that  the 
threshold  of  forced  scattering  of  the  second  order  for  both  examined 
variants  is  very  high. 


CHAPTER  V 

MODULATED  WAVES  IN  NONLINEAR  DISPERSIVE  MEDIA 

§  1 .  Introduction 

Thus  far,  in  examining  nonlinear  wave  interactions  in  dispersive 
media  we  were  limited  to  cases  when  amplitudes  and  phases  of  the 
interacting  waves  do  not  depend  on  time  (waves  are  unmodulated).  At 
the  same  time,  problems  on  nonlinear  interactions  of  modulated  waves 
now  play  a  very  important  role  in  nonlinear  optics.  In  this  region 
it  is  possible  to  distinguish  two  classes  of  problems: 

1.  Problems  connected  with  the  investigation  of  the  process  of 
modulation  of  light  waves  in  nonlinear  media  (see,  for  example, 
[1653-C172]). 

2.  Problems,  connected  with  the  investigation  of  distortions 
of  the  form  of  modulation,  with  propagation  of  the  modulated  wave  in 
a  nonlinear  medium  or  a  medium  with  variable  parameters  (see,  for 
example,  [56],  [173]) • 

For  description  of  regularities  of  the  propagation  of  modulated 
waves  in  a  weakly  nonlinear  dispersive  medium,  the  method  of  slowly 
changing  amplitudes  can  be  used  (see  Chapter  II).  Inasmuch  as  the 
complex  amplitudes  are  changed  in  this  case  both  in  space  and  time, 
truncated  equations  acquire  the  form  of  partial  differential  equations. 
The  solution  of  them  becomes,  in  most  cases,  complex  and  can  be 
conducted  only  by  means  of  numerical  integration.  Only  for  the 
simplest  problems  can  there  be  obtained  an  explicit  solution,  and  on 
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its  basis  the  process  of  the  propagation  of  light  waves  is  analyzed. 

Two  such  problems  are  expounded  in  this  chapter.  The  first  problem 
is  the  modulation  of  a  light  wave  with  passage  of  it  through  the 
electro-optical  medium,  which  is  found  in  the  low-frequency  (as 
compared  to  optical  frequencies)  electromagnetic  field,  and  the 
second  problem  is  the  passage  of  a  modulated  wave  through  the 
parametric  amplifier.  Both  these  problems  are  analyzed  in  a  parametric 
approximation,  i.e.,  in  the  approximation  when  the  field  of  one  of 
the  waves  can  be  considered  assigned.  In  Chapter  IV  it  was  shown 
that  in  the  parametric  amplifier,  while  wave  of  signal  did  not  grow 
in  amplitude  up  to  the  value  comparable  with  the  amplitude  of  the 
wave  of  pumping,  such  an  approximation  is  valid.  An  absolutely 
analogous  position  takes  place  in  the  case  of  the  propagation  of  a 
light  wave  on  a  nonlinear  medium  occurring  in  a  low-frequency  electro¬ 
magnetic  field.  In  this  case  the  action  from  the  side  of  the  light 
wave  on  the  low-frequency  field  can  be  disregarded,  and  only  the 
influence  in  the  low-frequency  field  on  the  field  of  the  light  wave 
can  be  examined. 

For  the  foundation  of  the  possibility  of  examining  the  behavior 
of  the  light  wave  in  a  parametric  approximation,  let  us  turn  to  the 
interaction  of  three  waves,  studied  in  Chapters  II,  IV  in  a  medium 
with  nonlinearity  of  the  quadratic  type  and  analyze  the  case  when 
the  frequency  of  one  of  the  waves  is  considerably  lower  than 
frequencies  of  the  other  two.  With  incidence  on  the  boundary  of 
nonlinear  and  linear  media  of  two  waves  with  frequencies  and  w2 
(in  this  case  u^o.)  and  comparable  amplitudes,  in  the  nonlinear 
medium  there  appear  waves  of  sum  and  difference  frequencies: 

“s  =  ±  (5.1) 

If  the  wave  vector  of  the  appearing  wave  satisfies  the  condition  of 
synchronism: 

(5.2) 

the  amplitude  of  the  corresponding  wave  grows  with  distance  until 
the  amplitude  of  the  wave  with  index  "2"  falls  to  zero.  With 
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fulfillment  of  the  condition  of  synchronism  for  the  sum  frequency 
("+"  sign  in  (5-2))  the  amplitude  of  the  wave  with  subscript  "1" 
decreases  down  to  a  certain  value  /llrain  .  If,  however,  the  condition 
of  synchronism  is  fulfilled  for  the  difference  frequency  sign 

in  (5-2)),  the  amplitude  of  the  wave  with  subscript  "1"  increases 
down  to  value  Alnm  .  In  the  case  the  drop  /l'f0— j4*mln  or  ^ira«  —  ^10 

is  equal  to  (see  §  4,  Chapter  II): 

^lmla  =  ^lm«x  ^10  =  ^10’  (  5  •  3 ) 

Thus,  the  amplitude  of  the  low-frequency  wave  practically  does  not 
change  which  gives  the  basis  to  disregard  the  effect  on  this  wave 
from  the  direction  of  light  waves.  This  means  that  the  process  of 
the  interaction  of  traveling  waves  in  the  fulfillment  of  condition 

be  described  quite  accurately  in  the  parametric  approxima¬ 
tion.  Similarly,  such  an  approximation  is  admissible  in  the  case  of 
the  general  form  of  the  low-frequency  field. 

The  process  of  the  modulation  of  light  occurs  differently  in 
anisotropic  and  isotropic  media.  In  anisotropic  nonlinear  media 
(for  example,  in  KDP  and  ADP  crystals)  phase  modulation  of  linearly 
polarized  waves  is  carried  out.  In  isotropic  media  (for  example, 
crystals  CuCl,  ZnS  and  others)  and  also  in  anisotropic  media  in 
directions  of  isotropy  with  modulation  elliptically  polarized  light 
will  be  formed.  Therefore,  an  examination  of  the  process  of  modula¬ 
tion  in  anisotropic  and  isotropic  media  will  be  conducted  separately. 

§  2 .  Modulation  of  Light  in  Optically 
Anisotropic  Crystals 

If  a  light  wave  propagates  in  a  quadratic  medium  occurring 
under  the  effect  of  a  modulating  electrical  field  Em(r, /),  then  the 
complex  amplitude  of  this  wave  Aiv,  t) ,  as  follows'  from  Chapter  II,  is 
described  by  a  truncated  equation  of  the  form: 

(e  (kcJJ  s  [e[kej] vA  =■-  ~  ^“-(eJeE m)A.  (5 . 4 ) 
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Here,  just  as  in  the  second  chapter,  e  -  unit  vector  directed  over 
the  electric  field  strength  of  the  light  wave,  k  and  s  -  its  wave 

A 

and  beam  vectors  and  %  -  operator  of  the  quadratic  nonlinear  polari¬ 
zation.  As  was  already  underlined  in  the  second  chapter,  the  equation 
of  the  type  (5-4)  determines  the  change  in  amplitude  A  along  the 
direction  of  beam  vector  s.  In  a  direction  perpendicular  to  s, 
equation  (5.4)  does  not  describe  the  change  in  amplitude,  and  it  is 
determined  only  by  specific  subsidiary  conditions  of  the  problem. 

These  conditions  include  properties  of  the  medium,  boundary  conditions, 
and  the  form  of  the  modulating  field.  Considering  that  A=A0e‘*,  we 
will  obtain  for  y A  the  expression: 

V4=(V4,+MoVq>)*'7.  (5*5) 

In  this  expression  directions  y  A0  and  y<p  in  general  are  different. 

If  the  crystal  occupies  the  half-space  jc'X),  then  v<4*  is  directed 
perpendicular  to  the  plane  of  division  of  the  media,  i.e.,  along  the 
x'  axis.  If  the  field  Em  constitutes  a  plane  traveling  or  standing 
wave,  then  the  direction  v<p  coincides  with  direction  km  of  the  wave 
vector  of  this  wave. 

Let  us  consider  at  first  the  case  when  the  field  of  modulation 
E„  has  the  form: 


E««  “EJ,  cos  (<ant  —  k„r ), 


(5.6) 


Then  truncated  equations  for  amplitude  A0  and  $  will  be  recorded  in 
the  following  form: 


dAt 

dxJ 


A 

Orp  cojsx' 


•  — 0  =  0; 
dt 


- ’ — a —  ~  =  —Sees  (fOm(  —  kml), 

orp-cos  fk„  31 


(5.7) 


where  5  -  coordinate  in  the  direction  of  the  vector  km,  vrp  -  group 
speed,  and 


kc*  A  A  • 

cos  ifc-cos  ikm 


(5.8) 
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Prom  equations  (5.7)  one  can  see,  first  of  all,  that  with 
incidence  on  the  crystal  of  unmodulated  light,  in  the  passing  wave 
there  appears  purely  phase  modulation.  Integrating  the  second  of 
these  equations,  we  have: 


<f  ~  Vo  —  B% 


sinA(~lS 

A<->6 


cosfoj  —  kmr— 


(5.9) 


where 

A 

A'~>—  — k«0fP  cos  ak"m  (5.10) 

A 

SPrpCOS  Jk* 

Expression  (5.9)  characterizes  modulation  of  the  phase  in  the 
examined  case. 

With  fulfillment  of  the  relation 


the  index  of  modulation  for  given  5  is  maximum  and  grows  linearly 
with  distance  along  the  direction  of  propagation  of  the  modulating 
wave.  Here,  as  one  can  see  from  (5-11),  the  component  of  the  group 
velocity  of  light  on  the  direction  of  propagation  of  the  modulating 
wave  is  equal  to  the  phase  speed  of  this  wave.  Condition  (5 .11)  is 
the  condition  of  synchronism  of  the  wave  of  modulation  and  all 
spectral  components  of  the  light  wave.  Actually,  for  the  spectral 
component  of  frequency  w+  =  to  +  <om,  the  condition  of  synchronism  has 
the  form: 


k+  —  k  +  km.  (5.12) 

Expanding  function  u»(k+)  =  o>(k  +  fcOT)  in  series  and  considering  that  km 
in  absolute  value  is  many  orders  less  than  k,  we  can  obtain  the 
relation : 

(5.13) 


which  coincides  with  (5.11). 
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Thus,  for  amplitude  Eo  of  the  electrical  field  of  modulated 
light  wave  with  fulfillment  of  the  condition  of  synchronism  we  have: 

H0  =  e40e'  t?-~K  eoi  <  )|  (5-1*0 

If  one  were  to  set  the  defined  value  £ ,  then  in  this  section  the 
index  of  modulation  m$=Bl  will  be  constant.  As  is  known  from  the 
theory  of  phase  modulation,  amplitudes  of  combination  components  of 
a  wave  with  frequencies  w  ±nam  are  determined  by  Bessel  functions 

With  a  change  in  £  the  spectrum  of  the  light  wave  is  trans¬ 
formed.  When  ~/n4,=2,4,  for  example,  the  amplitude  of  the  component 
of  frequency  w  turns  into  zero,  i.e.,  the  energy  of  the  wave  com¬ 
pletely  turns  into  side  frequencies.  At  fixed  £  tuning  can  be 
produced  by  a  change  in  amplitude  of  the  modulating  wave.  Experi¬ 
mental  realization  of  such  a  scheme  of  modulation  is  the  subject  of 
work  [169]. 

Let  us  examine  now  the  case  when  the  modulating  field  En,  has 
the  form  of  the  standing  wave 

Em  =  Emc°s®«*-.coskmr.  (5.15) 

By  presenting  the  standing  wave  in  the  form  of  the  superposition 
of  two  traveling  waves,  it  is  possible  to  obtain  immediately  the 
solution  of  the  truncated  equation  for  the  phase  in  the  form: 

?  =  «Po-  4*^-~5-cos(com/-kmr-A^)- 

'  —  -3i^.+>S  cos(c 0mt  +  kmr— AW£),  (5.16) 

2  *  A(+)g 

where  is  determined  by  expression  (5*10),  and 

A 

^(+)=  Wfft  +  Urp  COS  ^ 

fc’rpCOSa'Pn 

At  first  glance  it  is  natural  to  strive  to  ensure  the  synchronism 
between  the  light  wave  and  one  of  the  traveling  waves  of  low 
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frequency,  for  example,  the  first  in  expression  (5*16).  The  second 
wave,  traveling  in  the  opposite  direction,  interacts  with  the  light 
wave  considerably  more  weakly  and  does  not  give  an  accumulation 
effect.  However,  the  given  reasoning  has  meaning  only  for  those 
cases  several  half-waves  of  the  modulating  frequency  fit  on  the  length 
of  the  resonator.  If,  however,  on  the  length  of  the  resonator  there 
is  less  than  half  of  a  wavelength,  then  each  of  the  traveling  waves 
of  modulation  in  equal  degree  interacts  with  the  light  wave,  and 
fulfillment  of  the  condition  of  synchronism  is  not  obligatory. 

Indeed,  let  us  assume  that  synchronism  is  ensured  for  the  first  wave 
in  (5.16),  i.e.,  A<->  =0.  Then  A+=6m  and 

$  =  <po — j-Blcos(am{  —  km  |) — .  (5.18) 

z  *  *m  6 

If  one  were  to  designate  the  index  of  modulation  by  the  first  wave 
and  the  second  m 4,,,  then  the  quantity 

ir-^nrr  (5.19) 

km  e 

characterizes  the  relative  contribution  of  waves  into  the  modulation 
of  light  wave.  When  quantity  -^1=^1.  V/xth  a  growth  in  £  this 

ratio  decreases,  since  the  accumulation  effect  appears.  Such  a  modu¬ 
lator  is  described  in  [167]. 

The  field  Em  uniform  in  space  is  a  special  case  of  a  plane 
standing  wave,  when  km  =0.  We  have  then  A(+)  =  k{~)—  — /2-  =  A  and 

2»rp 

f.=  (po_B*UlMcos(a)m/-A|),  (5.20) 

A 

where  £  —  coordinate  along  the  direction  of  the  ray  of  light.  (A 
corresponding  experiment  is  described  in  [193]) - 

§  3 .  Devices  with  Prolonged  Effect  of  the  Field 
of  Modulation  on  a  Light  Wave 

Modulators  of  light  which  use  the  effects  of  synchronism  of  the 
light  wave  and  wave  modulation,  have  a  number  of  important  advantages 
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as  compared  to  modulators  of  other  types.  One  of  them,  moderate 
power,  is  consumable  to  modulation.  Let  us  consider,  therefore, 
certain  question  referring  to  modulators  with  one  traveling  wave  of 
modulation  occurring  in  synchronism  with  the  light  wave.  If  the 
counter  wave  of  modulation  is  present  which  in  a  number  of  devices 
of  such  type  takes  place,  then  its  action  is  little,  and  in  the 
first  approximation  it  can  be  disregarded. 

Above,  in  examining  the  modulation  of  light  properties  of  the 

A* 

medium  were  described  by  general  tensor  x>  which  in  the  transition 
to  the  definite  type  of  crystal  is  specified.  Let  us  clarify  the 
possibility  of  light  modulation  with  the  help  of  crystals  of  dihydro¬ 
phosphates  of  potassium  and  ammonium  (KDP  and  ADP) ,  which  in  an 
optical  respect  are  uniaxial.  According  to  [19*0  the  linear  electro- 
optical  effect  is  greatly  expressed  in  these  crystals  only  when  the 
field  is  applied  along  the  optical  axis.  Consequently,  with  realiza¬ 
tion  of  modulators  of  light  on  crystals  KDP  and  ADP,  the  modulating 
electrical  field  should  be  directed  along  the  optical  axis  ( z  axis). 

Let  us  now  consider  the  question  on  the  polarization  of  light 
waves.  Wave  vector  km  is  several  orders  less  than  vector  k.  Therefore, 
for  fulfillment  of  conditions  of  synchronism  of  the  type  (5.12),  wave 
vectors  of  the  initial  light  wave  and  lateral  components  appearing 
in  the  medium  should  be  close  in  the  direction  and  in  magnitude.  On 
the  one  hand,  even  for  a  modulating  frequency  of  10  G-Hz  the  distinc¬ 
tion  of  them  in  magnitude  should  appear  only  in  the  fourth  sign. 

On  tne  other  hand,  indices  of  refraction  for  ordinary  and  extra¬ 
ordinary  waves  already  differ  in  the  second  sign.  Consequently,  all 
spectral  components  must  ha  Te  one  polarization  —  be  either  ordinary 
or  extraordinary.  A  light  wave  with  an  arbitrary  direction  of  propa¬ 
gation  and  arbitrary  polarization  due  to  double  refraction  breaks  up 
into  an  ordinary  and  extraordinary  wave.  In  virtue  of  the  consider¬ 
able  distinction  of  indices  of  refraction  for  these  waves,  the  inter¬ 
action  between  them  is  impossible.  Each  of  the  waves  with  propaga¬ 
tion  is  subjected,  in  general,  to  modulation. 

The  modulation  of  light  is  directly  connected  with  properties 
of  symmetry  of  the  crystals  KDP  and  ADP.  These  properties  of 
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symmetry  are  such  that  in  the  expression  for  the  nonlinear  part  of 
polarization : 


(5.21) 

all  subscripts  i,i  and  k  must  be  different  (see  Chapter  I,  §  7). 
Inasmuch  as  along  the  optical  axis  ( z  axis)  there  is  directed  tv._ 
field  Em,  the  light  wave  should  have  components  on  other  axes  of  the 
crystal  (let  us  designate  them  x'  and  y').  Only  under  this  condition 
does  polarization  at  side  frequencies  appear,  and  it  is  always 
located  in  the  plane  x'y'.  Waves  of  side  frequencies  appear  only  in 
the  case  when  the  vector  of  nonlinear  polarization  has  a  component 
on  the  electrical  field  of  side  frequency. 

Let  us  consider  as  an  example  the  propagation  of  a  ray  of  light 
perpendicular  to  the  optical  axis  (Fig.  5.1).  For  the  most  effective 
modulation,  in  this  case  it  is  necessary  that  vector  E0  be  oriented 
in  one  of  the  directions  [1,  1.0],  [1,  -1.0].  Only  in  these  cases 
does  the  nonlinear  part  of  polarization,  determined  by  relationship 
[5.21],  coincide  in  the  direction  with  vector  E0.  Coefficient  B , 
determined  by  the  relation  (5.8),  is  equal  in  the  examined  case  to 


Ab 

A  cos  kk 


(5-22) 


where  Ae  -  change  in  dielectric  constant  of  the  crystal  under  the 
action  of  the  field  Em—&e  =  4nxE°m.  Let  us  find  this  value.  Prior 
to  superposition  of  the  field,  section  2  =  0  of  the  ellipsoid  of 
indices  of  refraction  was  circular  ar.d  the  dielectric  constant 
equaled  tQ.  After  superposition  of  the  field  E°m  along  "he  z  axis  the 
circumference  of  the  section  is  turned  into  an  ellipse,  the  principal 
axes  of  which  pass  at  an  angle  of  45°  to  axes  x'  and  y’  of  the  crystal. 
According  to  [194]  corresponding  values  e  along  the  principal  axes 
are  determined  by  equalities: 


J _ r  po  . 

,  r63  ' 


8* 


(5.23) 


where  rM  —  electro-optical  coefficient,  which  consists  of,  for 
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Fig.  5.1.  Concerning  the  question  of 
direction  P  -  nonlinear  part  of  polariza¬ 
tion  appearing  from  Eo  and  Em,  and 

"feeding"  wave  of  side  frequencies: 
x'.tf.z  —  axes  of  the  crystal  (scale  is  not 
maintained) . 

example,  for  KDP  8,47*  10-W  cm/V  [  169 3 .  Hence,  in  virtue  of  the  small¬ 
ness  of  modulation  factors 

+ea  /«£*);  ej  =  e0  (l  —  eprME£)  (5.2*0 

and 

**-&*&„.  <5.?5) 

In  case  of  synchronism  the  modulation  factor  of  phase  is 
equal  to 

m+=Bx~  (5.26) 

where  it  is  considered  that  for  KDP  crystals  with  synchronism 
coskkm=*-4-  (see  [166]).  From  formula  (5.26)  it  follows  that  when 

w 

X=7000°A,  1,5  and  ££,*=50  V/cm  the  modulation  factor  of  phase  =  l 

4  e»  of  f  A1!  of  4  q  f  c  vco  a  o  m 
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§  4 .  Modulation  of  Light  in  Optically 
Isotropic  Crystals1 


Let  us  now  turn  to  examination  of  the  process  of  modulation  of 
a  light  wave  with  passage  through  nonlinear  crystals  of  cubic 
structure  (classes  T  and  Td  ,  ,  It  is  obvious  that  such  crystals  are, 
in  absence  of  a  modulating  field,  isotropic.  Therefore,  the  process 
of  the  propagation  of  light  through  a  crystal,  to  which  a  modulating 
field  is  applied,  is  described  in  a  parametric  approximation  by  the 
equation : 2 


i  »e  a*p(,>  _  ae  a»E 
c*  at*  c*  at*  c*  x  m  at*  ’ 


(5.27) 


'interest  toward  isotropic  crystals  as  light  modulators  is 
explained  by  the  following.  In  the  use  of  anisotropic  crystals  for 
phase  light  modulation  with  rotation  of  the  plane  of  polarization, 
which  after  passage  by  the  light  wave  of  a  Nicol  prism  is  turned  into 
amplitude  modulation,  the  ray  of  light  should  be  directed  along  the 
optical  axis.  In  the  same  direction  there  should  be  applied  a 
modulating  electrical  field,  which  creates  considerable  design  diffi¬ 
culties.  Furthermore,  the  ray  of  light  should  be  parallel  to  the 
optical  axis,  which  puts  limitation  on  the  divergence  of  the  light 
ray. 


The  difficulties  indicated  above  do  not  exist  in  the  case  of 
the  use  of  isotropic  crystals  as  modulators  of  light.  Here  there 
are  no  such  serious  limitations  on  the  parallelism  of  the  ray  of 
light.  In  [186]  there  is  discussion  about  the  satisfactory  modulation 
of  light  with  divergence  of  the  ray  up  to  20° .  In  isotropic  crystals 
the  modulating  field  can  be  applied  in  a  direction  perpendicular  to 
the  direction  of  the  propagation  of  light.  Here  it  is  possible  to 
carry  out  modulation  immediately  by  two  signals  applied  in  mutually- 
perpendicular  directions  [224 ].  Regarding,  however,  the  magnitude 
of  the  electro-optical  coefficient,  then,  for  example,  for  ZnS  it  is 
only  4  times  less  than  that  for  KDP,  and  consists  of  according  to 
data  given  in  [224]  and  [186],  r„ o*2-io-lc  cm/V. 


2In  the  given  equation  instead  of  rot  rot  E  there  is  recorded 
-v*e.  This  is  connected  with  the  fact  that  at  the  force  standing 
in  the  right  side  of  the  equation  and  leading  to  a  change  in  e, 
"working"  is  the  component  lying  in  a  plane  perpendicular  t.o  vector  k. 
Therefore,  for  resolution  of  the  problem,  it  would  have  been  possible 
to  multiply  the  fundamental  equation  vectorly  by  -  iMk* . . .1).  The  result 

of  the  action  of  this  operator  on  rot  rot  e  is  -  v*e+  small  terms, 
and  the  order  of  their  smallness  is  higher  than  that  which  is  con¬ 
sidered  with  subsequent  discussion.  Thereby  the  aforementioned  re¬ 
placement  is  justified,  since  multiplication  by  —  IMk*...]]  will  be 
performed  further;  however,  the  reader  will  lead  up  to  this  operation 
by  more  graphic  path. 
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where  the  linear  part  of  polarization  P  is  connected  with  field  E 

A 

through  the  scalar  functional  operator  >x: 

P(,>  =  J*(/')E(r,/— t')df,  (5.28) 

and  forced  anisotropy  is  determined  only  the  modulating  field  Em(r,/). 
Subsequently,  we  consider  that  the  right  side  of  (5.27)  is  small  and 
has  the  order  g. 

With  the  propagation  of  light  in  an  anisotropic  nonlinear 
crystal  the  modulating  field  practically  cannot  change  polarization 
of  the  natural  wave.  This  occurs  because  the  directions  of  natural 
polarizations  with  the  assigned  direction  of  the  beam  vector  are 
determined  by  optical  properties  of  the  crystal  directly  connected 
with  its  spatial  symmetry.  In  an  isotropic  crystal  in  the  absence 
of  a  modulating  field,  all  directions  of  polarization  are  natural, 
the  case  of  degeneration  takes  place.  Superposition  of  the  modulating 
field  on  the  crystal  removes  this  degeneration  -  the  light  wave  with 
propagation  over  such  crystal  changes,  in  general,  its  polarization. 

Thus,  the  field  of  the  light  wave  is  described  by  the  expression: 

E  =  E0  (pr,  p/)  eI(",_kr)  4-  pU  (r,  p/)  eM ,  ‘  (5.29) 

where  in  contrast  to  the  case  of  the  anisotropic  crystal  the  amplitude 
•Eo(pr, p/)  is  a  vector  slowly  variable  in  magnitude  and  direction  but 
remaining  perpendicular  to  the  vector  k 

(kE0)  =  0 .  (5.30) 

The  term  pU(r,pO  considers  thv.  inaccuracy  and  is  small  at  all  values 
of  coordinates  and  time.  Let  us  derive  the  equation  describing  the 
behavior  of  amplitude  Eo(pr,  p/)- 

Proceeding  just  as  in  the  second  chapter  in  the  derivation  of 
truncated  equations  for  the  amplitdue  of  the  wave  in  an  anisotropic 
nonlinear  dielectric,  we  will  write  out  the  approximate  expression 

1M 


for  It  has  the  form: 


Pw  =  {[x ’  “|r ] e~lkT P1* (°) ^1 J  eM  •  ,  (5-31) 

The  second  derivative  of  this  vector  with  respect  to  time,  which 
enters  into  equation  (5.27),  with  the  same  degree  of  accuracy  is 
equal  to 

“T  -  -»V  +  2/jubx^.  e‘la,-ir)  .  (5.32) 

Expression  is  approximately  equal  to 


+  2 /|itt  e~‘kr — juo*  u]«w  , 

and  expression  y*E 

V*E=  [-2«|t(kv)E,«-,tr-^E,e”,‘r+ vVU|  e'“*. 


(5.33) 


(5.34) 


Substituting  all  these  expressions  into  (5-27)  and  considering  that 


**  =  —  [1  +4nx(co)l , 

C* 


(5.35) 


we  have : 


v*  U  +  (1  +  4xx)  U  =  2 / {(kv) Eo  +  {-|(I  +  4rtx)  + 


2nco* 

dx  ' 

3E(.  , 

2.11  co5 

c* 

dm  . 

dt  + 

c* 

(5.36) 


The  linear  differential  operator,  which  acts  on  the  vector  function 
in  the  left  side  of  (5.36)  has  the  eigenvalue  k  and  eigenvector  — 
any  vector  perpendicular  to  k.  Therefore,  the  right  side  (5-36)  is 
resonance  for  the  differential  operator.  For  limitedness  U  at  all 
values  of  coordinates  and  time  (requirement  of  smallness  of  the 
correction  term),  it  is  necessary  that  the  projection  of  the  vector 
standing  on  the  right  on  a  plane  perpendicular  to  k,  be  equal  to 


zero.  This  condition  is  given  by  the  equation  describing  the 
behavior  E0.  Before  writing  it  out  we  will  consider  that  according 
to  (5.35) 


L^^(l  +  4nxh 


(5-37) 


Replacing  the  coefficient  with  a  time  derivative  in  the  right  side 
of  (5-36),  in  accordance  with  (5-37)  we  have: 


(k0  V)  E0  +  ±  =  +  ~  [k0  [kox  Em  Ed] .  (5.38) 

The  right  side  in  (5-38)  is  a  projection  of  vector  xEmE0  on  a  plane 
perpendicular  to  k,  and  k0  is  a  unit  vector  in  the  direction  of  k. 
The  truncated  equation  (5*38)  is  an  equation  describing  in  a  para¬ 
metric  approximation  the  process  of  propagation  of  a  light  wave  in 
an  isotropic  nonlinear  medium. 


The  direction  of  the  change  in  amplitude  E0  is  determined,  in 
general,  by  conditions  of  the  problem.  If,  as  in  §  2,  the  modulating 
field  has  the  for:’1  of  a  plane  traveling  or  standing  wave,  then  the 
direction  of  the  change  in  Eo  coincides  with  wave  vector  km  of  the 
modulating  wave.  Designating  the  coordinate  in  the  direction  of 


this  wave  vector  by  £,  we  have  E0=Eo(5.0  and 


cosk,k(ll-^-  +  ^-'^1  =  +  -^~  [ko[k9'xEmE0]].  (5-39) 

The  vector  operator  [k0 [k0xEm...] j ,  which  acts  on  vector  Eo  in  the  right 
side  (5*39) >  turns  it  in  a  plane  perpendicular  to  k*  at  a  definite 
angle.  This  leads,  in  general,  to  a  change  in  the  plane  of  polari¬ 
zation  of  the  light  wave  with  its  propagation.  There  are,  however, 

two  directions  of  polarization  -  eigenvectors  of  the  operator 
r  a  1 

lk,lk0xEm...jJ,  which  are  not  changed  in  direction  during  propagation. 
These  directions  are  determined  by  properties  of  symmetry  of  crystals 
and  by  the  modulating  field.  Let  us  assume  that,  for  example,  the 
modulating  field  is  directed  along  one  of  the  edges  of  a  cubic 

A 

crystal  ( z  axis).  Then,  as  follows  from  the  structure  of  tensor  x» 
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for  cubic  crystals  (Chapter  I) 


Px  =  aEmEoj]  Py-aE.E.:,  (5.40) 

where  a=%x, y*==Xy.Jw.  an^  the  x  an<^  y  axes  are  directed  along  two  other 
edges  of  the  crystal.  Let  us  consider  two  cases  when  the  light  wave 
propagates  along  the  z  axis  and  when  it  propagates  in  the  plane  xy . 

If  the  wave  propagates  along  the  z  axis,  then  in  the  xy  plane 
there  exist  two  natural  directions  of  polarization  ei=[l,l,0]  and 
e*=(l,-l,0].  Along  these  directions  etD  [ko[koXEm  e2j]  and  ,ca  II  [k0  (koXEme*]  • 

With  entry  of  a  light  wave  with  any  polarization  into  such  a  crystal 
along  the  z  axis,  the  wave  is  split  into  two  components  with  polari¬ 
zations  along  directions  ej  and  e2.  Each  of  these  waves  propagates 
independently  of  the  other  with  its  own  phase  speed.  If  Eo  is 
directed  along  the  x  axis,  then  amplitudes  of  waves  E|  and  E2  are 
equal  so  that  |Etf  =  |ES|  -  M .  If  the  modulating  field  has  the  form  of 

a  traveling  wave  with  a  longitudinal  component  Ex  ,  and  the  condition 
of  synchronism  (5.11)  is  fulfilled,  then  waves  Ei  and  Ea  undergo  phase 
modulation  according  to  the  law  studied  in  §  2. 

91  =  cp0-flzcos(a)m/-AM2);  |  ,  .  . 

?*  =  <Po+flzcos(G)m/  —  kuz)  )  ) 


For  each  of  the  waves  we  obtain  the  final  expression: 

^t  =  Sfcos  K  —  Az  +  90 —Bz  COS  (0)m  /  —  km  Z)J ; 

£  (5.42) 

^  ^7 C0S  K  —  +  9°  +  ^2  cos  «  /  —  Am2)} . 

In  a  certain  fixed  section  zo  there  occurs  the  addition  of  two  mutually 
perpendicular  oscillations  with  equal  amplitudes.  The  form  of  the 
closed  curve  described  by  the  end  of  vector  E  depends  on  the  differ¬ 
ence  of  phases  A<p  of  these  oscillations,  which,  as  one  can  see  from 
(5 • 42) ,  is  equal  to : 


Aq>  =  2flzcos(com/  — km2t) . 
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(5.43) 


At  a  certain  jnstant  t  the  difference  of  the  phases  between  oscilla¬ 
tions  is  equal  to  Aq>.  Let  us  see  what  will  occur  in  section  z0  in 
the  interval  of  time  At  such  that  cos mmt  after  this  time  interval 
almost  does  not  change  and  cos&W  succeeds  in  accomplishing  many 
oscillations.  The  given  assumption  with  respect  to  the  time  interval 
At  means  that  the  difference  in  phases  Aq?  in  this  interval  can  be 
considered  constant.  Quantity  Aqp  determines  the  form  of  the  ellipse, 
which  is  described  by  the  end  of  vector  E.  Principal  axes  of  the 
ellipse  coincide  with  axes  x  and  y.  In  the  case  Aq>=0  the  ellipse 
degenerates  into  a  straight  line.  When  Aq>  =  -2-  the  ellipse  is  turned 
into  a  circumference.  The  eccentricity  of  the  ellipse  changes  with 
a  change  in  Aip,  i.e.,  with  a  change  in  the  modulating  field.  Setting 
on  the  path  of  light  the  Nicol  prism,  the  amplitude  modulation  of  the 
light  wave  can  be  obtained.  If  in  the  initial  light  wave  vector  E 
is  oriented  not  along  the  x  axis  but  in  a  certain  arbitrary  direction, 
then  amplitudes  of  waves  on  which  the  Initial  wave  disintegrates 
prove  to  be  different.  With  the  help  of  the  Nicol  prism  here  it  also 
is  possible  to  carry  out  amplitude  modulation;  however,  at  a  great 
difference  in  amplitudes  of  waves  the  modulation  will  be  less 
effective,  since  in  this  case  the  eccentricity  of  the  ellipse  changes 
in  small  limits. 


If  the  modulating  field  Em  is  spi  "Hy  uniform,  then  for  the 
modulation  of  the  phases  we  obtain  the  expression: 


(5.44) 


and  the  difference  in  phases  in  this  case 


Aq>  25 


«W2t>rp 


•cos  1 0mt- 


) 

2*rp  zr 


(5-45) 


Let  us  now  examine  the  second  case  when  the  wave  vector  k  is 
located  in  the  xy  plane.  In  this  case  the  light  wave  with  amplitude 
Efl  breaks  up  into  a  wave  with  polarization  along  the  z  axis  and  a 
wave  with  vector  of  polarization  located  in  the  xy  plane.  The  first 
of  these  waves  in  accordance  with  (5.40)  is  not  modulated  with  passage 


through  the  crystal.  The  degree  of  modulation  of  the  second  wave 
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depends  on  the  direction  of  the  propagation  of  light.  If  the  light 
wave  propagates  along  the  x  or  y  axes,  then  modulation  is  absent. 

If,  however,  it  propagates  in  directions  [1,  1.0],  [1,  -1.0]  or 
opposite  directions,  then  the  degree  of  modulation  is  maximum. 

If  the  field  of  modulation  has  the  form  of  a  traveling  wave, 
and  the  condition  of  synchronism  of  it  is  carried  out  with  the  light 
wave  propagating  in  direction  [1,  1.0],  the  process  of  modulation  is 
described  by  expressions: 

Vi  =  f • 

TS==f.  +  fl£cos(o)w/-ftM6),  (5.^6) 


where  £  -  coordinate  in  direction  k„,  and  the  difference  in  phases 

A<p  =  B5cos(to)„^— *„&).  (5-47) 

For  the  case  of  a  uniform  modulating  field 


A<p  =  B- 


sin 


n> 


2t>, 


cos 


n> 


(5.48) 


In  conclusion  one  should  note  that  the  second  method  of  amplitude 
modulation,  at  which  the  ray  of  light  is  perpendicular  to  the  modu¬ 
lating  field,  at  equal  intensities  of  this  field  and  at  equal  ampli¬ 
tudes  of  components  of  waves  is  twice  less  effective  than  the  method 
at  which  the  light  ray  coincides  in  direction  with  the  field  strength 
of  modulation.  However,  design  advantages  of  the  second  method  are 
quite  great,  and  in  a  number  of  systems  of  modulation  its  use  is 
preferable  (see  [195]). 


§  5 .  Conversion  of  the  Form  of  Modulation  with 
Parametric  Amplification 
of  Traveling  Waves 


As  was  already  indicated  in  the  introduction  to  this  chapter, 
an  important  class  of  problems  on  modulated  waves  in  nonlinear  media 
are  problems  on  the  transformation  of  the  form  of  modulation  of  the 
wave.  Actually,  in  a  highly  dispersive  medium  there  can  be  created 
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conditions  at  which  even  the  coherent  generating  of  the  second 
harmonic  is  impossible.  A  harmonic  wave  of  frequency  oiQ  in  such  a 
medium  will  propagate  in  exactly  the  same  way  as  in  the  linear  case 
(the  dispersion  already  in  frequency  band  ©0l  2o)0  is  quite  great). 
Another  situation  takes  place  if  the  wave  is  modulated;  the  presence 
of  nonlinearity  can  lead  to  stored  distortions  of  the  form  of  modu¬ 
lation  of  the  wave,  although  the  wave  itself  remains  here  quasi- 
monochromatic .  It  is  easy  to  understand  the  latter  if  one  were  to 
turn  to  spectral  concepts.  The  modulated  wave  occupies  a  finite 

spectral  interval  Aa;  when  — <1  the  interaction  of  different  compo- 

••• 

nents  lying  in  the  band  A<o  can  lead  to  the  appearance  of  stored 
effects,  inasmuch  as  dispersion  in  the  band  Ao>  is  expressed  weakly. 
One  of  the  examples  of  the  conversion  of  modulation  in  a  highly 
dispersive  medium  -  distortion  of  amplitude  modulation  in  a  nonlinear 
medium  -  is  examined  by  Ostrovskiy  [173].  An  interesting  result  of 
the  calculation  conducted  by  him  is  the  conclusion  concerning  the 
possibility  of  the  appearance  of  Riemannian  waves  of  enveloping  in 
a  high-/  dispersive  medium. 

Below  we  will  examine  another  problem  on  the  conversion  of 
modulation:  we  will  analyze  the  process  of  conversion  of  modulation 
with  the  interaction  of  two  waves  with  multiple  frequencies  ( to1=co; 
a,  =  2o>)  in  a  quadratic  medium.  We  will  consider  that  the  field 
strength  of  the  wave  at  frequency  2a  considerably  exceeds  the  field 
strength  at  frequency  a;  therefore,  the  problem  stated  can  be  solved 
in  a  parametric  approximation  (see  §  ^  of  Chapter  II).  Thus,  let 
us  assume  that  the  polarizability  of  the  medium  has  the  form: 

i'(2,/,0  =  *(0  +  M(Oexp/[2o)/^&Hz].  (5.49) 

The  field  at  frequency  a  will  be  written  in  the  form 

E  =  e„/l(fif,nr)expt  [©*  —  kr] .  (5*50) 

We  will  consider,  as  always,  that 

k*  =••  2k  +  A;  lAl/k~  f1  • 
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Calculating  with  the  help  of  (5.49)  and  (5.50)  polarization  of  the 
medium  at  frequency  a  (see  formula  (2.103a)),  substituting  the 
obtained  expressions  in  the  Maxwell  equations  and  using  the  standard 
method  discussed  in  Chapter  II,  we  arrive  at  the  truncated  equations  — 
equations  of  the  parametric  smplifier  of  the  traveling  wave: 

cos  Ml  •  cos  s1z#4~+  —  +eo  ae0  A  +  irjo)s  e_2,4r  i4*=0 

02  ,  Ofp  at 

cos  Mj  cos  sxAz0  ~  +  eQ  ae0  -4  —  in©*  emt  A  =  0. 

Here  rj=  ^-e0M(to)e0  [compare  (2.78)]. 
kc* 

Prom  (5.51)  it  is  clear  that  the  behavior  of  amplitude  A  is 
described  by  a  system  of  two  truncated  equations  (complex)  in  partial 
derivatives,  which  are  not  split  and  which  must  be  solved  jointly. 

Here  there  formally  occurs  an  interaction  of  waves  with  frequencies 
+o)  and  -to.  Actually  this  means  that  the  behavior  of  waves  with 
various  phases  with  respect  to  the  phase  of  the  wave,  change  of 
parameter  (5.49)  differently  (see  also  §  4  of  Chapter  IV). 

To  solve  the  system  of  equations  (5-51),  let  us  introduce  new 
variables : 

j  A  A  • 

it  =  +  tvrp  coskjSj,  cos  sx  z„); 

I  *  A  '  A 

is  =  ~2  (* — iv'P  cos  ki  Sj  cos  $x  z0).  (5-52) 

Equations  (5*51)  then  obtain  the  form: 

cos  kx  sx  cos  Sx  z0  ^-+  e0  a  e0  A  +  /tjm*  e~2l(i '  E‘+?')  A*  =  0 
cos  kxASx  cos  Sj  z0  — -  +  e0  ae0  A*  —  <rja»3  e2‘ (4'  E,+T')  A  =  0 ,  (5.53) 


(5.51a) 

(5.51b) 


where  A'  =  A„  and  <p'  =  A,  Equations  (5*53)  are  ordinary  differential 
equations  with  respect  to  the  argument  5^,  and  argument  enters 
as  a  parameter.  They  can  be  solved  in  general  form;  however,  this 
solution  is  very  bulky,  and  we  will  analyze  the  equations  for  the 
case  A  =0.  Then  we  have  : 
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(5-5*0 


where  on  arbitrary  complex  functions  and  by  equations 

(5.53)  there  are  imposed  limitations  of  the  x'orm: 

Av  =  M; ;  A2  =  ~iA^.  (5-55) 


This  means  that 


Afo)=*(l  +  *m&);  A&)  =  U -0  **«*>.  <5.56) 

where  B,(5,)  and  B2(h)  -  arbitrary  real  functions.  Finally  for  A  we 
have : 

A  =  Ba(lM  l  +  0  expf—  5, 

I  cos  k1  sjCOSSiio 

-t  *,  ft)  •(!-/)  exp  [-  e*7 -“’-f  St 

[  cos  ki*i  cos  Silo 

Usine  (5.57) >  one  can  determine  the  form  of  modulation  in  the  arbi¬ 
trary  section  z  according  to  the  assigned  modulation  at  the  input 
the  assignment  of  boundary  conditions  permits  uniquely  determining 

functions  ),  B2{h  ). 

In  the  investigation  of  distortions  of  modulated  signals  in 
nonlinear  media,  it  is  frequently  more  convenient  to  use  equations 
for  real  amplitudes  and  phases.  The  equivalent  (5-53)  equations  for 
the  real  amplitude  A  and  phase  <j>  of  the  modulated  signal  in  a 
degenerated  parametric  amplifier  of  a  traveling  wave  have  the  form 
[compare  (*! .  69)-( **  •  70 )  ] : 

—  +0/4gi4sin2<p+  M  — •  0;  (5*  58a) 

^3-  4-  A  +  3j4,cos2<p  =  0,  (5.58b) 


+ 


(5-57) 
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Here  designations  a,  6,  and  A„  are  analogous  to  designations 
accepted  in  Chapters  III-IV. 

Truncated  equations  (5.58)  should  be  solved  with  boundary 
conditions  set  at  z= 0.  It  is  necessary  to  consider  that  in  new 

variables  h,  h  the  point  2=0  corresponds  to  h~—is  [see  (5*52)]. 
Therefore,  if  in  variables  t,  z  boundary  conditions  have  the  form: 

*  =  0;  A(0,t)  =  A0  (/);  >P(0,0.=  <?o(0,  (5-59) 

that  in  variables  g,  we  have: 

ti  —  —  it*  A  ~  A0 (— 5j);  <p ~ (f0 (—5*) .  (5*60) 

Using  (5.58)  and  (5*60),  one  can  determine,  for  example,  the  lav/  of 
the  change  in  phase  of  the  amplified  wave  (we  will  limit  ourselves 
for  simplicity,  as  earlier,  to  the  case  A=0  ).  Inasmuch  as  the  phase 
equation  can  be  integrated  independently  of  the  amplitude,  by 
conducting  integration  and  passing  to  variables  t,  z,  we  obtain: 

r_4 _ 

'  »((,2) ..  arctgj  t  % x 

xlg„(/ - - f \  .  (5-61) 

^  a.y  cos  kj  *i  cos  Zo  /_ 

Prom  (5.61)  it  is  clear  that  with  a  growth  in  z  the  index  of  the 
phase  modulation  in  the  degenerated  amplifier  of  the  traveling  wave 
decreases . 

Using  the  result  of  (5.61),  it  is  possible  to  integrate  the 
amplitude  equation. 

The  modulation  of  the  amplitude  when  z„»0  is  determined  not 
only  by  the  amplitude,  but  also  by  phase  modulation  of  the  input 
signal . 
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We  will  not  discuss  more  specifically  the  examined  example;  its 
detailed  analysis  is  given  by  us  in  [56].  Here  we  will  underline 
only  that  the  change  in  variables  (5.52)  is  very  effective  in  the 
theory  of  modulated  waves  in  nonlinear  dispersive  meuia,  inasmuch  as 
it  allows  reducing  partial  differential  equations  to  equations  in 
common  derivatives.  In  [56]  this  procedure  was  used  for  investigating 
statistical  phenomena  in  the  parametric  amplifier  of  a  traveling  wave. 

The  same  approach  can  appear,  apparently,  expedient  in  the  in¬ 
vestigation  of  problems  connected  with  the  generation  of  harmonics  by 
modulated  waves,  with  the  investigation  of  statistical  phenomena  with 
nonlinear  wave  interactions  and  so  on. 

In  this  chapter  we  were  limited  to  the  examination  of  modulated 
waves  in  a  quadratic  medium. 

Similar  problems  can  be  of  considerable  interest  for  the  cubic 
medium;  with  this  here  certain  effects  connected  with  the  presence 
of  nonlinear  corrections  to  the  dielectric  constant  are  possible. 

As  an  example  let  us  indicate  that  in  the  cubic  medium  there  can 
take  place  the  effect  of  cross-modulation  -  an  amplitude-modulated 
wave  in  a  cubic  medium  modulates  the  phase  of  a  weak  wave,  etc.  (see, 
for  example,  §  4  of  Chapter  III,  where  there  is  introduced  the 
concept  of  "nonlinear  detuning").  Let  us  also  note  that  effects 
connected  with  the  change  in  constant  polarization  of  the  medium  in 
the  field  of  the  modulated  ,Tave  were  examined  recently  in  the  work 
of  Askar'yan  [203], 
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(U)  The  nonlinear  effects  examined  in  this  book  are  effects  of 
the  first  order  with  respect  to  small  parameters,  parameter  of 
anharmonicity  and  parameter  characterizing  the  ratio  of  the 
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such  electromagnetic  field  strengths  at  which  effects  of  the 
second  order  can  appear.  Nonlinear  scattering  is  an  interesting 
effect  of  the  second  order.  In  further  development  the  theory 
of  waves  in  a  nonlinear  medium,  discussed  in  Chapter  2  is  needed. 
Here  the  primary  interest  is  in  the  propagation  of  it  on  light 
beams  of  finite  aperature,  converging  beams  etc.  An  account  of 
the  finite  width  of  the  spectrum  of  interacting  waves  is  also 
very  important  (discussed  in  Chapter  6).  It  should  be  noted 
that  in  a  number  of  cases  the  real  two-dimensional  problem  is 
reauced  to  an  equivalent  one-dimensional  problem  by  an  appropriate 
selection  of  the  "frequency  difference"  vector  (Chapters  2, 5, and 
6).  It  should  also  be  noted  that  the  forced  combination  (Raman) 
scattering  is  not,  of  course,  the  only  example  of  nonlinear  inter¬ 
action,  where  part  of  the  energy  of  interacting  electromagnetic 
waves  gives  rise  to  oscillations  of  the  medium  not  possessing  an 
electrical  dipole  moment.  In  a  number  of  problems  on  nonlinear 
effects  in  crystals,  acoustic  oscillations  ("forced  Rayleigh 
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